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PREFACE

Here is your book, the one your thousands of letters have asked us

to publish. It has taken us years to do, checking and rechecking countless
recipes to bring you only the best, only the interesting, only the perfect.
Now we can say, without a shadow of a doubt, that every single one of them,
if you follow the directions to the letter, will work for you exactly as well

as it did for us, even if you have never cooked before.

— McCall's Cookbook (1963)

THE PROCESS of preparing programs for a digital computer is especially attrac-
tive, not only because it can be economically and scientifically rewarding, but
also because it can be an aesthetic experience much like composing poetry or
music. This book is the first volume of a multi-volume set of books that has been
designed to train the reader in various skills that go into a programmer’s craft.

The following chapters are not meant to serve as an introduction to computer
programming; the reader is supposed to have had some previous experience. The
prerequisites are actually very simple, but a beginner requires time and practice
in order to understand the concept of a digital computer. The reader should
possess:

a) Some idea of how a stored-program digital computer works; not necessarily
the electronics, rather the manner in which instructions can be kept in the
machine’s memory and successively executed.

b) An ability to put the solutions to problems into such explicit terms that a
computer can “understand” them. (These machines have no common sense;
they do exactly as they are told, no more and no less. This fact is the
hardest concept to grasp when one first tries to use a computer.)

¢) Some knowledge of the most elementary computer techniques, such as loop-
ing (performing a set of instructions repeatedly), the use of subroutines, and
the use of indexed variables.

d) A little knowledge of common computer jargon — “memory,” “registers,”
“bits,” “Hoating point,” “overflow,” “software.” Most words not defined in
the text are given brief definitions in the index at the close of each volume.

These four prerequisites can perhaps be summed up into the single requirement
that the reader should have already written and tested at least, say, four pro-
grams for at least one computer.

I have tried to write this set of books in such a way that it will fill several
needs. In the first place, these books are reference works that summarize the
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vi PREFACE

knowledge that has been acquired in several important fields. In the second place,
they can be used as textbooks for self-study or for college courses in the computer
and information sciences. To meet both of these objectives, I have incorporated
a large number of exercises into the text and have furnished answers for most
of them. I have also made an effort to fill the pages with facts rather than with
vague, general commentary.

This set of books is intended for people who will be more than just casually
interested in computers, yet it is by no means only for the computer specialist.
Indeed, one of my main goals has been to make these programming techniques
more accessible to the many people working in other fields who can make fruitful
use of computers, yet who cannot afford the time to locate all of the necessary
information that is buried in technical journals.

We might call the subject of these books “nonnumerical analysis.” Comput-
ers have traditionally been associated with the solution of numerical problems
such as the calculation of the roots of an equation, numerical interpolation
and integration, etc., but such topics are not treated here except in passing.
Numerical computer programming is an extremely interesting and rapidly ex-
panding field, and many books have been written about it. Since the early
1960s, however, computers have been used even more often for problems in which
numbers occur only by coincidence; the computer’s decision-making capabilities
are being used, rather than its ability to do arithmetic. We have some use
for addition and subtraction in nonnumerical problems, but we rarely feel any
need for multiplication and division. Of course, even a person who is primarily
concerned with numerical computer programming will benefit from a study of
the nonnumerical techniques, for they are present in the background of numerical
programs as well.

The results of research in nonnumerical analysis are scattered throughout
numerous technical journals. My approach has been to try to distill this vast
literature by studying the techniques that are most basic, in the sense that they
can be applied to many types of programming situations. I have attempted to
coordinate the ideas into more or less of a “theory,” as well as to show how the
theory applies to a wide variety of practical problems.

Of course, “nonnumerical analysis” is a terribly negative name for this field
of study; it is much better to have a positive, descriptive term that characterizes
the subject. “Information processing” is too broad a designation for the material
I am considering, and “programming techniques” is too narrow. Therefore I wish
to propose analysis of algorithms as an appropriate name for the subject matter
covered in these books. This name is meant to imply “the theory of the properties
of particular computer algorithms.”

The complete set of books, entitled The Art of Computer Programming, has
the following general outline:
Volume 1. Fundamental Algorithms

Chapter 1. Basic Concepts
Chapter 2. Information Structures
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Volume 2. Seminumerical Algorithms

Chapter 3. Random Numbers
Chapter 4. Arithmetic

Volume 3. Sorting and Searching

Chapter 5. Sorting
Chapter 6. Searching

Volume 4. Combinatorial Algorithms

Chapter 7. Combinatorial Searching
Chapter 8. Recursion

Volume 5. Syntactical Algorithms

Chapter 9. Lexical Scanning
Chapter 10. Parsing

Volume 4 deals with such a large topic, it actually represents three separate books
(Volumes 4A, 4B, and 4C). Two additional volumes on more specialized topics
are also planned: Volume 6, The Theory of Languages; Volume 7, Compilers.

I started out in 1962 to write a single book with this sequence of chapters,
but I soon found that it was more important to treat the subjects in depth rather
than to skim over them lightly. The resulting length of the text has meant that
each chapter by itself contains more than enough material for a one-semester
college course; so it has become sensible to publish the series in separate volumes.
I know that it is strange to have only one or two chapters in an entire book, but
I have decided to retain the original chapter numbering in order to facilitate
cross-references. A shorter version of Volumes 1 through 5 is planned, intended
specifically to serve as a more general reference and/or text for undergraduate
computer courses; its contents will be a subset of the material in these books,
with the more specialized information omitted. The same chapter numbering
will be used in the abridged edition as in the complete work.

The present volume may be considered as the “intersection” of the entire set,
in the sense that it contains basic material that is used in all the other books.
Volumes 2 through 5, on the other hand, may be read independently of each
other. Volume 1 is not only a reference book to be used in connection with the
remaining volumes; it may also be used in college courses or for self-study as a
text on the subject of data structures (emphasizing the material of Chapter 2),
or as a text on the subject of discrete mathematics (emphasizing the material
of Sections 1.1, 1.2, 1.3.3, and 2.3.4), or as a text on the subject of machine-
language programming (emphasizing the material of Sections 1.3 and 1.4).

The point of view I have adopted while writing these chapters differs from
that taken in most contemporary books about computer programming in that
I am not trying to teach the reader how to use somebody else’s software. I am
concerned rather with teaching people how to write better software themselves.

My original goal was to bring readers to the frontiers of knowledge in every
subject that was treated. But it is extremely difficult to keep up with a field
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that is economically profitable, and the rapid rise of computer science has made
such a dream impossible. The subject has become a vast tapestry with tens of
thousands of subtle results contributed by tens of thousands of talented people
all over the world. Therefore my new goal has been to concentrate on “classic”
techniques that are likely to remain important for many more decades, and to
describe them as well as I can. In particular, I have tried to trace the history
of each subject, and to provide a solid foundation for future progress. I have
attempted to choose terminology that is concise and consistent with current
usage. I have tried to include all of the known ideas about sequential computer
programming that are both beautiful and easy to state.

A few words are in order about the mathematical content of this set of books.
The material has been organized so that persons with no more than a knowledge
of high-school algebra may read it, skimming briefly over the more mathematical
portions; yet a reader who is mathematically inclined will learn about many
interesting mathematical techniques related to discrete mathematics. This dual
level of presentation has been achieved in part by assigning ratings to each of the
exercises so that the primarily mathematical ones are marked specifically as such,
and also by arranging most sections so that the main mathematical results are
stated before their proofs. The proofs are either left as exercises (with answers
to be found in a separate section) or they are given at the end of a section.

A reader who is interested primarily in programming rather than in the
associated mathematics may stop reading most sections as soon as the math-
ematics becomes recognizably difficult. On the other hand, a mathematically
oriented reader will find a wealth of interesting material collected here. Much of
the published mathematics about computer programming has been faulty, and
one of the purposes of this book is to instruct readers in proper mathematical
approaches to this subject. Since I profess to be a mathematician, it is my duty
to maintain mathematical integrity as well as I can.

A knowledge of elementary calculus will suffice for most of the mathematics
in these books, since most of the other theory that is needed is developed herein.
However, I do need to use deeper theorems of complex variable theory, probability
theory, number theory, etc., at times, and in such cases I refer to appropriate
textbooks where those subjects are developed.

The hardest decision that I had to make while preparing these books con-
cerned the manner in which to present the various techniques. The advantages of
flow charts and of an informal step-by-step description of an algorithm are well
known; for a discussion of this, see the article “Computer-Drawn Flowcharts”
in the ACM Communications, Vol. 6 (September 1963), pages 555-563. Yet a
formal, precise language is also necessary to specify any computer algorithm,
and I needed to decide whether to use an algebraic language, such as ALGOL
or FORTRAN, or to use a machine-oriented language for this purpose. Per-
haps many of today’s computer experts will disagree with my decision to use a
machine-oriented language, but I have become convinced that it was definitely
the correct choice, for the following reasons:
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a) A programmer is greatly influenced by the language in which programs are
written; there is an overwhelming tendency to prefer constructions that are
simplest in that language, rather than those that are best for the machine.
By understanding a machine-oriented language, the programmer will tend
to use a much more efficient method; it is much closer to reality.

b) The programs we require are, with a few exceptions, all rather short, so with
a suitable computer there will be no trouble understanding the programs.

c) High-level languages are inadequate for discussing important low-level de-
tails such as coroutine linkage, random number generation, multi-precision
arithmetic, and many problems involving the efficient usage of memory.

d) A person who is more than casually interested in computers should be well
schooled in machine language, since it is a fundamental part of a computer.

e) Some machine language would be necessary anyway as output of the software
programs described in many of the examples.

f) New algebraic languages go in and out of fashion every five years or so, while
I am trying to emphasize concepts that are timeless.

From the other point of view, I admit that it is somewhat easier to write programs
in higher-level programming languages, and it is considerably easier to debug
the programs. Indeed, I have rarely used low-level machine language for my
own programs since 1970, now that computers are so large and so fast. Many
of the problems of interest to us in this book, however, are those for which
the programmer’s art is most important. For example, some combinatorial
calculations need to be repeated a trillion times, and we save about 11.6 days
of computation for every microsecond we can squeeze out of their inner loop.
Similarly, it is worthwhile to put an additional effort into the writing of software
that will be used many times each day in many computer installations, since the
software needs to be written only once.

Given the decision to use a machine-oriented language, which language
should be used? I could have chosen the language of a particular machine X,
but then those people who do not possess machine X would think this book is
only for X-people. Furthermore, machine X probably has a lot of idiosyncrasies
that are completely irrelevant to the material in this book yet which must be
explained; and in two years the manufacturer of machine X will put out machine
X + 1 or machine 10X, and machine X will no longer be of interest to anyone.

To avoid this dilemma, I have attempted to design an “ideal” computer
with very simple rules of operation (requiring, say, only an hour to learn), which
also resembles actual machines very closely. There is no reason why a student
should be afraid of learning the characteristics of more than one computer; once
one machine language has been mastered, others are easily assimilated. Indeed,
serious programmers may expect to meet many different machine languages in
the course of their careers. So the only remaining disadvantage of a mythical
machine is the difficulty of executing any programs written for it. Fortunately,
that is not really a problem, because many volunteers have come forward to
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write simulators for the hypothetical machine. Such simulators are ideal for
instructional purposes, since they are even easier to use than a real computer
would be.

I have attempted to cite the best early papers in each subject, together with
a sampling of more recent work. When referring to the literature, I use standard
abbreviations for the names of periodicals, except that the most commonly cited
journals are abbreviated as follows:

CACM = Communications of the Association for Computing Machinery
JACM = Journal of the Association for Computing Machinery

Comp. J. = The Computer Journal (British Computer Society)

Math. Comp. = Mathematics of Computation

AMM = American Mathematical Monthly

SICOMP = SIAM Journal on Computing

FOCS = IEEE Symposium on Foundations of Computer Science

SODA = ACM-SIAM Symposium on Discrete Algorithms

STOC = ACM Symposium on Theory of Computing

Crelle = Journal fiir die reine und angewandte Mathematik

As an example, “CACM 6 (1963), 555-563” stands for the reference given in a
preceding paragraph of this preface. I also use “CMath” to stand for the book
Concrete Mathematics, which is cited in the introduction to Section 1.2.

Much of the technical content of these books appears in the exercises. When
the idea behind a nontrivial exercise is not my own, I have attempted to give
credit to the person who originated that idea. Corresponding references to the
literature are usually given in the accompanying text of that section, or in the
answer to that exercise, but in many cases the exercises are based on unpublished
material for which no further reference can be given.

I have, of course, received assistance from a great many people during the
years | have been preparing these books, and for this I am extremely thankful.
Acknowledgments are due, first, to my wife, Jill, for her infinite patience, for
preparing several of the illustrations, and for untold further assistance of all
kinds; secondly, to Robert W. Floyd, who contributed a great deal of his time
towards the enhancement of this material during the 1960s. Thousands of other
people have also provided significant help —it would take another book just
to list their names! Many of them have kindly allowed me to make use of
hitherto unpublished work. My research at Caltech and Stanford was gener-
ously supported for many years by the National Science Foundation and the
Office of Naval Research. Addison—Wesley has provided excellent assistance and
cooperation ever since I began this project in 1962. The best way I know how
to thank everyone is to demonstrate by this publication that their input has led
to books that resemble what I think they wanted me to write.
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Preface to the Third Edition

After having spent ten years developing the TEX and METAFONT systems for
computer typesetting, I am now able to fulfill the dream that I had when I began
that work, by applying those systems to The Art of Computer Programming.
At last the entire text of this book has been captured inside my personal com-
puter, in an electronic form that will make it readily adaptable to future changes
in printing and display technology. The new setup has allowed me to make
literally thousands of improvements that I have been wanting to incorporate for
a long time.

In this new edition I have gone over every word of the text, trying to retain
the youthful exuberance of my original sentences while perhaps adding some
more mature judgment. Dozens of new exercises have been added; dozens of old
exercises have been given new and improved answers.

The Art of Computer Programming is, however, still a work in progress.

Therefore some parts of this book are headed by an “under construction”
icon, to apologize for the fact that the material is not up-to-date. My files are
bursting with important material that I plan to include in the final, glorious,
fourth edition of Volume 1, perhaps 15 years from now; but I must finish
Volumes 4 and 5 first, and I do not want to delay their publication any more
than absolutely necessary.

Most of the hard work of preparing the new edition was accomplished by
Phyllis Winkler and Silvio Levy, who expertly keyboarded and edited the text
of the second edition, and by Jeffrey Oldham, who converted nearly all of the
original illustrations to METAPOST format. I have corrected every error that
alert readers detected in the second edition (as well as some mistakes that, alas,
nobody noticed); and I have tried to avoid introducing new errors in the new
material. However, I suppose some defects still remain, and I want to fix them
as soon as possible. Therefore I will cheerfully pay $2.56 to the first finder of
each technical, typographical, or historical error. The webpage cited on page iv
contains a current listing of all corrections that have been reported to me.

Stanford, California D.E. K.
April 1997

Things have changed in the past two decades.
— BILL GATES (1995)
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10.

11.

12.

13.

Procedure for Reading
This Set of Books

. Begin reading this procedure, unless you have already begun to read it.

Continue to follow the steps faithfully. (The general form of this procedure
and its accompanying flow chart will be used throughout this book.)

. Read the Notes on the Exercises, on pages xv-xvii.

Set N equal to 1.

Begin reading Chapter N. Do not read the quotations that appear at the
beginning of the chapter.

. Is the subject of the chapter interesting to you? If so, go to step 7; if not,

go to step 6.

Is N < 27 If not, go to step 16; if so, scan through the chapter anyway.
(Chapters 1 and 2 contain important introductory material and also a review
of basic programming techniques. You should at least skim over the sections
on notation and about MIX.)

. Begin reading the next section of the chapter; if you have already reached

the end of the chapter, however, go to step 16.

. Is section number marked with “¥”7 If so, you may omit this section on

first reading (it covers a rather specialized topic that is interesting but not
essential); go back to step 7.

. Are you mathematically inclined? If math is all Greek to you, go to step 11;

otherwise proceed to step 10.

Check the mathematical derivations made in this section (and report errors
to the author). Go to step 12.

If the current section is full of mathematical computations, you had better
omit reading the derivations. However, you should become familiar with the
basic results of the section; they are usually stated near the beginning, or
in slanted type right at the very end of the hard parts.

Work the recommended exercises in this section in accordance with the hints
given in the Notes on the Exercises (which you read in step 2).

After you have worked on the exercises to your satisfaction, check your
answers with the answer printed in the corresponding answer section at the

xiii
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14.
15.
16.

17.
18.

PROCEDURE FOR READING THIS SET OF BOOKS

rear of the book (if any answer appears for that problem). Also read the
answers to the exercises you did not have time to work. Note: In most cases
it is reasonable to read the answer to exercise n before working on exercise
n + 1, so steps 12-13 are usually done simultaneously.

Are you tired? If not, go back to step 7.

Go to sleep. Then, wake up, and go back to step 7.

Increase N by one. If N = 3, 5, 7, 9, 11, or 12, begin the next volume of
this set of books.

If NV is less than or equal to 12, go back to step 4.

Congratulations. Now try to get your friends to purchase a copy of Volume 1
and to start reading it. Also, go back to step 3.

Woe be to him that reads but one book.
— GEORGE HERBERT, Jacula Prudentum, 1144 (1640)

Le défaut unique de tous les ouvrages
c'est d'étre trop longs.

— VAUVENARGUES, Réflexions, 628 (1746)

Books are a triviality. Life alone is great.
— THOMAS CARLYLE, Journal (1839)
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CHAPTER ONE

BASIC CONCEPTS

Many persons who are not conversant with mathematical studies
imagine that because the business of [Babbage’s Analytical Engine] is to
give its results in numerical notation, the nature of its processes must
consequently be arithmetical and numerical, rather than algebraical and
analytical. This is an error. The engine can arrange and combine its
numerical quantities exactly as if they were letters or any other general
symbols; and in fact it might bring out its results in algebraical notation,
were provisions made accordingly.

— AUGUSTA ADA, Countess of Lovelace (1844)

Practice yourself, for heaven’s sake, in little things,
and thence proceed to greater.

— EPICTETUS (Discourses IV.i)

1.1. ALGORITHMS

THE NOTION of an algorithm is basic to all of computer programming, so we
should begin with a careful analysis of this concept.

The word “algorithm” itself is quite interesting; at first glance it may look
as though someone intended to write “logarithm” but jumbled up the first four
letters. The word did not appear in Webster’s New World Dictionary as late as
1957; we find only the older form “algorism” with its ancient meaning, the process
of doing arithmetic using Arabic numerals. During the Middle Ages, abacists
computed on the abacus and algorists computed by algorism. By the time of the
Renaissance, the origin of this word was in doubt, and early linguists attempted
to guess at its derivation by making combinations like algiros [painful]+arithmos
[number]; others said no, the word comes from “King Algor of Castile.” Finally,
historians of mathematics found the true origin of the word algorism: It comes
from the name of a famous Persian textbook author, Abd ‘Abd Allah Muhammad
ibn Masa al-Khwarizmi (c. 825) —literally, “Father of Abdullah, Mohammed,
son of Moses, native of Khwarizm.” The Aral Sea in Central Asia was once
known as Lake Khwarizm, and the Khwarizm region is located in the Amu
River basin just south of that sea. Al-Khwarizml wrote the celebrated book
Kitab al jabr wa'l-mugabala (“Rules of restoring and equating”); another word,
“algebra,” stems from the title of his book, which was a systematic study of the
solution of linear and quadratic equations. [For notes on al-Khwarizmi’s life and
work, see H. Zemanek, Lecture Notes in Computer Science 122 (1981), 1-81.]

1



2 BASIC CONCEPTS 1.1

Gradually the form and meaning of algorism became corrupted; as ex-
plained by the Oxford English Dictionary, the word “passed through many
pseudo-etymological perversions, including a recent algorithm, in which it is
learnedly confused” with the Greek root of the word arithmetic. This change
from “algorism” to “algorithm” is not hard to understand in view of the fact
that people had forgotten the original derivation of the word. An early German
mathematical dictionary, Vollstindiges mathematisches Lexicon (Leipzig: 1747),
gave the following definition for the word Algorithmus: “Under this designation
are combined the notions of the four types of arithmetic calculations, namely
addition, multiplication, subtraction, and division.” The Latin phrase algorith-
mus infinitesimalis was at that time used to denote “ways of calculation with
infinitely small quantities, as invented by Leibniz.”

By 1950, the word algorithm was most frequently associated with Euclid’s
algorithm, a process for finding the greatest common divisor of two numbers
that appears in Euclid’s Elements (Book 7, Propositions 1 and 2). It will be
instructive to exhibit Euclid’s algorithm here:

Algorithm E (EBuclid’s algorithm). Given two positive integers m and n, find
their greatest common divisor, that is, the largest positive integer that evenly
divides both m and n.

E1l. [Find remainder.] Divide m by n and let r be the remainder. (We will have
0<r<mn)

E2. [Is it zero?] If r = 0, the algorithm terminates; n is the answer.

E3. [Reduce.] Set m < n, n < r, and go back to step E1. |

Of course, Euclid did not present his algorithm in just this manner. The
format above illustrates the style in which all of the algorithms throughout this
book will be presented.

Each algorithm we consider has been given an identifying letter (E in the
preceding example), and the steps of the algorithm are identified by this letter
followed by a number (E1, E2, E3). The chapters are divided into numbered
sections; within a section the algorithms are designated by letter only, but when
algorithms are referred to in other sections, the appropriate section number is
attached. For example, we are now in Section 1.1; within this section Euclid’s
algorithm is called Algorithm E, while in later sections it is referred to as
Algorithm 1.1E.

Each step of an algorithm, such as step E1 above, begins with a phrase in
brackets that sums up as briefly as possible the principal content of that step.
This phrase also usually appears in an accompanying flow chart, such as Fig. 1,
so that the reader will be able to picture the algorithm more readily.

After the summarizing phrase comes a description in words and symbols
of some action to be performed or some decision to be made. Parenthesized
comments, like the second sentence in step E1, may also appear. Comments are
included as explanatory information about that step, often indicating certain
invariant characteristics of the variables or the current goals at that step. They
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le.

v

E1l. Find remainder

E2. Is it zero? E3. Reduce

Fig. 1. Flow chart for Algorithm E.

do not specify actions that belong to the algorithm, but are meant only for the
reader’s benefit as possible aids to comprehension.

The arrow “<«” in Step E3 is the all-important replacement operation,
sometimes called assignment or substitution: “m < n” means that the value of
variable m is to be replaced by the current value of variable n. When Algorithm E
begins, the values of m and n are the originally given numbers; but when it
ends, those variables will have, in general, different values. An arrow is used
to distinguish the replacement operation from the equality relation: We will
not say, “Set m = n,” but we will perhaps ask, “Does m = n?” The “="
sign denotes a condition that can be tested, the “<«-” sign denotes an action
that can be performed. The operation of increasing n by one is denoted by
“n <~ n+1" (read “n is replaced by n 4+ 1” or “n gets n + 1”). In general,
“variable < formula” means that the formula is to be computed using the present
values of any variables appearing within it; then the result should replace the
previous value of the variable at the left of the arrow. Persons untrained in
computer work sometimes have a tendency to say “n becomes n + 1”7 and to
write “n — n + 1” for the operation of increasing n by one; this symbolism can
only lead to confusion because of its conflict with standard conventions, and it
should be avoided.

Notice that the order of actions in step E3 is important: “Set m <« n,
n < r” is quite different from “Set n < r, m < n,” since the latter would imply
that the previous value of n is lost before it can be used to set m. Thus the
latter sequence is equivalent to “Set n <- r, m « r.” When several variables
are all to be set equal to the same quantity, we can use multiple arrows; for
example, “n ¢ r, m < r” may be written “n < m ¢« r.” To interchange the
values of two variables, we can write “Exchange m < n”; this action could also
be specified by using a new variable ¢ and writing “Set t -~ m, m + n, n « ¢.”

An algorithm starts at the lowest-numbered step, usually step 1, and it
performs subsequent steps in sequential order unless otherwise specified. In step
E3, the imperative “go back to step E1” specifies the computational order in an
obvious fashion. In step E2, the action is prefaced by the condition “If r = 0”;
so if r # 0, the rest of that sentence does not apply and no action is specified.
We might have added the redundant sentence, “If 7 # 0, go on to step E3.”

The heavy vertical line “]” appearing at the end of step E3 is used to
indicate the end of an algorithm and the resumption of text.

We have now discussed virtually all the notational conventions used in the
algorithms of this book, except for a notation used to denote “subscripted” or
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“indexed” items that are elements of an ordered array. Suppose we have n
quantities, v1,vs,. .., vn; instead of writing v; for the jth element, the notation
v[j] is often used. Similarly, ali, j] is sometimes used in preference to a doubly
subscripted notation like a;;. Sometimes multiple-letter names are used for
variables, usually set in capital letters; thus TEMP might be the name of a variable
used for temporarily holding a computed value, PRIME[K] might denote the Kth
prime number, and so on.

So much for the form of algorithms; now let us perform one. It should be
mentioned immediately that the reader should not expect to read an algorithm
as if it were part of a novel; such an attempt would make it pretty difficult to
understand what is going on. An algorithm must be seen to be believed, and the
best way to learn what an algorithm is all about is to try it. The reader should
always take pencil and paper and work through an example of each algorithm
immediately upon encountering it in the text. Usually the outline of a worked
example will be given, or else the reader can easily conjure one up. This is a
simple and painless way to gain an understanding of a given algorithm, and all
other approaches are generally unsuccessful.

Let us therefore work out an example of Algorithm E. Suppose that we are
given m = 119 and n = 544; we are ready to begin, at step E1. (The reader
should now follow the algorithm as we give a play-by-play account.) Dividing
m by n in this case is quite simple, almost too simple, since the quotient is zero
and the remainder is 119. Thus, r < 119. We proceed to step E2, and since
7 # 0 no action occurs. In step E3 we set m < 544, n < 119. It is clear that if
m < n originally, the quotient in step E1 will always be zero and the algorithm
will always proceed to interchange m and n in this rather cumbersome fashion.
We could add a new step:

EO. [Ensure m > n.] If m < n, exchange m < n.

This would make no essential change in the algorithm, except to increase its
length slightly, and to decrease its running time in about one half of all cases.

Back at step El, we find that %‘3— = 4%, so 7 ¢ 68. Again E2 is
inapplicable, and at E3 we set m < 119, n - 68. The next round sets r « 51,
and ultimately m < 68, n < 51. Next r < 17, and m < 51, n « 17. Finally,
when 51 is divided by 17, we set r < 0, so at step E2 the algorithm terminates.
The greatest common divisor of 119 and 544 is 17.

So this is an algorithm. The modern meaning for algorithm is quite similar to
that of recipe, process, method, technique, procedure, routine, rigmarole, except
that the word “algorithm” connotes something just a little different. Besides
merely being a finite set of rules that gives a sequence of operations for solving
a specific type of problem, an algorithm has five important features:

1) Finiteness. An algorithm must always terminate after a finite number of
steps. Algorithm E satisfies this condition, because after step E1 the value of r
is less than n; so if r # 0, the value of n decreases the next time step El is
encountered. A decreasing sequence of positive integers must eventually termi-
nate, so step E1 is executed only a finite number of times for any given original
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value of n. Note, however, that the number of steps can become arbitrarily large;
certain huge choices of m and n will cause step E1 to be executed more than a
million times.

(A procedure that has all of the characteristics of an algorithm except that it
possibly lacks finiteness may be called a computational method. Euclid originally
presented not only an algorithm for the greatest common divisor of numbers, but
also a very similar geometrical construction for the “greatest common measure”
of the lengths of two line segments; this is a computational method that does
not terminate if the given lengths are incommensurable. Another example of a
nonterminating computational method is a reactive process, which continually
interacts with its environment.)

2) Definiteness. Each step of an algorithm must be precisely defined; the ac-
tions to be carried out must be rigorously and unambiguously specified for each
case. The algorithms of this book will hopefully meet this criterion, but they
are specified in the English language, so there is a possibility that the reader
might not understand exactly what the author intended. To get around this
difficulty, formally defined programming languages or computer languages are
designed for specifying algorithms, in which every statement has a very definite
meaning. Many of the algorithms of this book will be given both in English
and in a computer language. An expression of a computational method in a
computer language is called a program.

In Algorithm E, the criterion of definiteness as applied to step E1 means that
the reader is supposed to understand exactly what it means to divide m by n
and what the remainder is. In actual fact, there is no universal agreement about
what this means if m and n are not positive integers; what is the remainder of
—8 divided by —n? What is the remainder of 59/13 divided by zero? Therefore
the criterion of definiteness means we must make sure that the values of m and n
are always positive integers whenever step El is to be executed. This is initially
true, by hypothesis; and after step E1, r is a nonnegative integer that must be
nonzero if we get to step E3. So m and n are indeed positive integers as required.

3) Input. An algorithm has zero or more inputs: quantities that are given to it
initially before the algorithm begins, or dynamically as the algorithm runs. These
inputs are taken from specified sets of objects. In Algorithm E, for example, there
are two inputs, namely m and n, both taken from the set of positive integers.

4) Output. An algorithm has one or more outputs: quantities that have a
specified relation to the inputs. Algorithm E has one output, namely n in step E2,
the greatest common divisor of the two inputs.

(We can easily prove that this number is indeed the greatest common divisor,
as follows. After step E1, we have

m=qn-+r,

for some integer gq. If = 0, then m is a multiple of n, and clearly in such a case
n is the greatest common divisor of m and n. If r # 0, note that any number
that divides both m and n must divide m — gn = r, and any number that divides
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both n and r must divide gn + r = m; so the set of divisors of {m,n} is the
same as the set of divisors of {n,r}. In particular, the greatest common divisor
of {m,n} is the same as the greatest common divisor of {n,r}. Therefore step
E3 does not change the answer to the original problem.)

5) Effectiveness. An algorithm is also generally expected to be effective, in the
sense that its operations must all be sufficiently basic that they can in principle
be done exactly and in a finite length of time by someone using pencil and
paper. Algorithm E uses only the operations of dividing one positive integer
by another, testing if an integer is zero, and setting the value of one variable
equal to the value of another. These operations are effective, because integers
can be represented on paper in a finite manner, and because there is at least
one method (the “division algorithm”) for dividing one by another. But the
same operations would not be effective if the values involved were arbitrary real
numbers specified by an infinite decimal expansion, nor if the values were the
lengths of physical line segments (which cannot be specified exactly). Another
example of a noneffective step is, “If 4 is the largest integer n for which there is
a solution to the equation w™ + z™ + y™ = z™ in positive integers w, z, ¥, and z,
then go to step E4.” Such a statement would not be an effective operation until
someone successfully constructs an algorithm to determine whether 4 is or is not
the largest integer with the stated property.

Let us try to compare the concept of an algorithm with that of a cookbook
recipe. A recipe presumably has the qualities of finiteness (although it is said
that a watched pot never boils), input (eggs, flour, etc.), and output (TV dinner,
etc.), but it notoriously lacks definiteness. There are frequent cases in which a
cook’s instructions are indefinite: “Add a dash of salt.” A “dash” is defined
to be “less than 1/s teaspoon,” and salt is perhaps well enough defined; but
where should the salt be added—on top? on the side? Instructions like “toss
lightly until mixture is crumbly” or “warm cognac in small saucepan” are quite
adequate as explanations to a trained chef, but an algorithm must be specified
to such a degree that even a computer can follow the directions. Nevertheless,
a computer programmer can learn much by studying a good recipe book. (The
author has in fact barely resisted the temptation to name the present volume
“The Programmer’s Cookbook.” Perhaps someday he will attempt a book called
“Algorithms for the Kitchen.”)

We should remark that the finiteness restriction is not really strong enough
for practical use. A useful algorithm should require not only a finite number
of steps, but a very finite number, a reasonable number. For example, there is
an algorithm that determines whether or not the game of chess can always be
won by White if no mistakes are made (see exercise 2.2.3-28). That algorithm
can solve a problem of intense interest to thousands of people, yet it is a safe
bet that we will never in our lifetimes know the answer; the algorithm requires
fantastically large amounts of time for its execution, even though it is finite. See
also Chapter 8 for a discussion of some finite numbers that are so large as to
actually be beyond comprehension.
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In practice we not only want algorithms, we want algorithms that are good
in some loosely defined aesthetic sense. One criterion of goodness is the length
of time taken to perform the algorithm; this can be expressed in terms of the
number of times each step is executed. Other criteria are the adaptability of the
algorithm to different kinds of computers, its simplicity and elegance, etc.

We often are faced with several algorithms for the same problem, and we
must decide which is best. This leads us to the extremely interesting and
all-important field of algorithmic analysis: Given an algorithm, we want to
determine its performance characteristics.

For example, let’s consider Euclid’s algorithm from this point of view. Sup-
pose we ask the question, “Assuming that the value of n is known but m is
allowed to range over all positive integers, what is the average number of times,
T, that step E1 of Algorithm E will be performed?” In the first place, we need
to check that this question does have a meaningful answer, since we are trying
to take an average over infinitely many choices for m. But it is evident that
after the first execution of step El only the remainder of m after division by n is
relevant. So all we must do to find 77, is to try the algorithm for m =1, m = 2,
..., m = n, count the total number of times step E1 has been executed, and
divide by n.

Now the important question is to determine the nature of T),; is it approxi-
mately equal to %n, or 4/n, for instance? As a matter of fact, the answer to this
question is an extremely difficult and fascinating mathematical problem, not yet
completely resolved, which is examined in more detail in Section 4.5.3. For large
values of n it is possible to prove that T, is approximately (12(ln 2)/ 7r2) Inn,
that is, proportional to the natural logarithm of n, with a constant of propor-
tionality that might not have been guessed offhand! For further details about
Euclid’s algorithm, and other ways to calculate the greatest common divisor, see
Section 4.5.2.

Analysis of algorithms is the name the author likes to use to describe
investigations such as this. The general idea is to take a particular algorithm
and to determine its quantitative behavior; occasionally we also study whether
or not an algorithm is optimal in some sense. The theory of algorithms is another
subject entirely, dealing primarily with the existence or nonexistence of effective
algorithms to compute particular quantities.

So far our discussion of algorithms has been rather imprecise, and a mathe-
matically oriented reader is justified in thinking that the preceding commentary
makes a very shaky foundation on which to erect any theory about algorithms.
We therefore close this section with a brief indication of one method by which the
concept of algorithm can be firmly grounded in terms of mathematical set theory.
Let us formally define a computational method to be a quadruple (Q,I,9, f),
in which @ is a set containing subsets / and 2, and f is a function from @
into itself. Furthermore f should leave {1 pointwise fixed; that is, f(q) should
equal ¢ for all elements ¢ of 2. The four quantities @, I, 2, f are intended
to represent respectively the states of the computation, the input, the output,
and the computational rule. Each input z in the set I defines a computational
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sequence, Xy, T1,Z2,..., as follows:
To=1z and ZTk+1 = f(zg) for k>0. (1)

The computational sequence is said to terminate in k steps if k is the smallest
integer for which zj is in 2, and in this case it is said to produce the output
zy from z. (Note that if £ is in , so is Tx,1, because zxy; = Tk in such a
case.) Some computational sequences may never terminate; an algorithm is a
computational method that terminates in finitely many steps for all z in I.

Algorithm E may, for example, be formalized in these terms as follows: Let @
be the set of all singletons (n), all ordered pairs (m, n), and all ordered quadruples
(m,n,r,1), (m,n,r,2), and (m,n,p,3), where m, n, and p are positive integers
and r is a nonnegative integer. Let I be the subset of all pairs (m,n) and let Q
be the subset of all singletons (n). Let f be defined as follows:

f((m,n)) = (m,n,0,1);  f((n)) = (n);
f((m,n,r,1)) = (m, n, remainder of m divided by n, 2);
f((m,n,r, 2)) =(n) if r=0, (m,n,m,3) otherwise;
f((m,n,p,3)) = (n,p,p,1).

The correspondence between this notation and Algorithm E is evident.

This formulation of the concept of an algorithm does not include the re-
striction of effectiveness mentioned earlier. For example, ) might denote infinite
sequences that are not computable by pencil and paper methods, or f might
involve operations that mere mortals cannot always perform. If we wish to
restrict the notion of algorithm so that only elementary operations are involved,
we can place restrictions on @, I, Q, and f, for example as follows: Let A be
a finite set of letters, and let A* be the set of all strings on A (the set of all
ordered sequences z,z3...2n, where n > 0 and z; isin A for 1 < j < n). The
idea is to encode the states of the computation so that they are represented by
strings of A*. Now let N be a nonnegative integer and let @) be the set of all
(0,7), where o is in A* and 7 is an integer, 0 < j < N; let I be the subset of Q
with j = 0 and let Q be the subset with j = N. If § and o are strings in A*, we
say that 6 occurs in o if o has the form afw for strings @ and w. To complete
our definition, let f be a function of the following type, defined by the strings
8;, ¢; and the integers a;, b; for 0 < j < N:

(2)

f(o,5)=(0,a;) if §; does not occur in o;
f(o,j)=(ap;w,b;) if a is the shortest possible string for which o= af;w;
f(o,N)=(o,N). (3)

Such a computational method is clearly effective, and experience shows
that it is also powerful enough to do anything we can do by hand. There are
many other essentially equivalent ways to formulate the concept of an effective
computational method (for example, using Turing machines). The formulation
above is virtually the same as that given by A. A. Markov in his book The
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Theory of Algorithms [Trudy Mat. Inst. Akad. Nauk 42 (1954), 1-376], later
revised and enlarged by N. M. Nagorny (Moscow: Nauka, 1984; English edition,
Dordrecht: Kluwer, 1988).

EXERCISES

1. [10] The text showed how to interchange the values of variables m and n, using
the replacement notation, by setting ¢t < m, m < n, n < t. Show how the values of
four variables (a,b,c,d) can be rearranged to (b, c,d,a) by a sequence of replacements.
In other words, the new value of a is to be the original value of b, etc. Try to use the
minimum number of replacements.

2. [15] Prove that m is always greater than n at the beginning of step E1, except
possibly the first time this step occurs.

3. [20] Change Algorithm E (for the sake of efficiency) so that all trivial replacement
operations such as “m <« n” are avoided. Write this new algorithm in the style of
Algorithm E, and call it Algorithm F.

4. [16] What is the greatest common divisor of 2166 and 60997

» 5. [12] Show that the “Procedure for Reading This Set of Books” that appears in
the preface actually fails to be a genuine algorithm on three of our five counts! Also
mention some differences in format between it and Algorithm E.

6. [20] What is T, the average number of times step E1 is performed when n = 57

» 7. [M21] Suppose that m is known and n is allowed to range over all positive integers;
let U, be the average number of times that step E1 is executed in Algorithm E. Show
that Uy, is well defined. Is Uy, in any way related to T,7

8. [M25] Give an “effective” formal algorithm for computing the greatest common
divisor of positive integers m and n, by specifying 8;, ¢;, a;, b; as in Egs. (3). Let the
input be represented by the string a™b", that is, m a’s followed by n b’s. Try to make
your solution as simple as possible. [Hint: Use Algorithm E, but instead of division in
step E1, set r « |m — n|, n + min(m,n).]

9. [M30] Suppose that Cy = (Q1,11,, f1) and C2 = (Q2, I2, 22, f2) are computa-
tional methods. For example, C; might stand for Algorithm E as in Egs. (2), except
that m and n are restricted in magnitude, and C> might stand for a computer program
implementation of Algorithm E. (Thus Q2 might be the set of all states of the machine,
i.e., all possible configurations of its memory and registers; fo might be the definition
of single machine actions; and I> might be the initial state, including the program for
determining the greatest common divisor as well as the values of m and n.)

Formulate a set-theoretic definition for the concept “C. is a representation of C1”
or “C, simulates C;.” This is to mean intuitively that any computation sequence of C,
is mimicked by Ca, except that C2 might take more steps in which to do the computation
and it might retain more information in its states. (We thereby obtain a rigorous
interpretation of the statement, “Program X is an implementation of Algorithm Y.”)

v
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1.2. MATHEMATICAL PRELIMINARIES

IN THIS SECTION we shall investigate the mathematical notations that occur
throughout The Art of Computer Programming, and we’ll derive several basic
formulas that will be used repeatedly. Even a reader not concerned with the
more complex mathematica] derivations should at least become familiar with
the meanings of the various formulas, so as to be able to use the results of the
derivations.

Mathematical notation is used for two main purposes in this book: to
describe portions of an algorithm, and to analyze the performance character-
istics of an algorithm. The notation used in descriptions of algorithms is quite
simple, as explained in the previous section. When analyzing the performance
of algorithms, we need to use other more specialized notations.

Most of the algorithms we will discuss are accompanied by mathematical
calculations that determine the speed at which the algorithm may be expected
to run. These calculations draw on nearly every branch of mathematics, and a
separate book would be necessary to develop all of the mathematical concepts
that are used in one place or another. However, the majority of the calculations
can be carried out with a knowledge of college algebra, and the reader with a
knowledge of elementary calculus will be able to understand nearly all of the
mathematics that appears. Sometimes we will need to use deeper results of
complex variable theory, group theory, number theory, probability theory, etc.;
in such cases the topic will be explained in an elementary manner, if possible, or
a reference to other sources of information will be given.

The mathematical techniques involved in the analysis of algorithms usually
have a distinctive flavor. For example, we will quite often find ourselves working
with finite summations of rational numbers, or with the solutions to recurrence
relations. Such topics are traditionally given only a light treatment in mathe-
matics courses, and so the following subsections are designed not only to give a
thorough drilling in the use of the notations to be defined but also to illustrate
in depth the types of calculations and techniques that will be most useful to us.

Important note: Although the following subsections provide a rather extensive
training in the mathematical skills needed in connection with the study of com-
puter algorithms, most readers will not see at first any very strong connections
between this material and computer programming (except in Section 1.2.1). The
reader may choose to read the following subsections carefully, with implicit faith
in the author’s assertion that the topics treated here are indeed very relevant; but
it is probably preferable, for motivation, to skim over this section lightly at first,
and (after seeing numerous applications of the techniques in future chapters)
return to it later for more intensive study. If too much time is spent studying
this material when first reading the book, a person might never get on to the
computer programming topics! However, each reader should at least become
familiar with the general contents of these subsections, and should try to solve a
few of the exercises, even on first reading. Section 1.2.10 should receive particular
attention, since it is the point of departure for most of the theoretical material
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developed later. Section 1.3, which follows 1.2, abruptly leaves the realm of
“pure mathematics” and enters into “pure computer programming.”

An expansion and more leisurely presentation of much of the following
material can be found in the book Concrete Mathematics by Graham, Knuth,
and Patashnik, second edition (Reading, Mass.: Addison-Wesley, 1994). That
book will be called simply CMath when we need to refer to it later.

1.2.1. Mathematical Induction

Let P(n) be some statement about the integer n; for example, P(n) might be
“n times (n + 3) is an even number,” or “if n > 10, then 2™ > n®.” Suppose we
want to prove that P(n) is true for all positive integers n. An important way to
do this is:

a) Give a proof that P(1) is true.

b) Give a proof that “if all of P(1), P(2),..., P(n) are true, then P(n +1) is
also true”; this proof should be valid for any positive integer n.

As an example, consider the following series of equations, which many people
have discovered independently since ancient times:
1=12
14+3=2%
14+34+5=32%
1+345+7=42%
14+3+5+7+9=5% (1)
We can formulate the general property as follows:
14344+ 2n—1)=n% (2)
Let us, for the moment, call this equation P(n); we wish to prove that P(n) is
true for all positive n. Following the procedure outlined above, we have:
a) “P(1) is true, since 1 = 12.”
b) “If all of P(1),..., P(n) are true, then, in particular, P(n) is true, so Eq. (2)
holds; adding 2n + 1 to both sides we obtain
1434+ @rn-1)+@2n+1)=n’+2n+1=(n+1)?
which proves that P(n 4+ 1) is also true.”

We can regard this method as an algorithmic proof procedure. In fact, the
following algorithm produces a proof of P(n) for any positive integer n, assuming
that steps (a) and (b) above have been worked out:

Algorithm I (Construct a proof). Given a positive integer n, this algorithm
will output a proof that P(n) is true.

I1. [Prove P(1).] Set k « 1, and, according to (a), output a proof of P(1).
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12. [k = n?] If k = n, terminate the algorithm; the required proof has been
output.

13. [Prove P(k + 1).] According to (b), output a proof that “If all of P(1),...,
P(k) are true, then P(k + 1) is true.” Also output “We have already proved
P(1),...,P(k); hence P(k +1) is true.”

I4. [Increase k.] Increase k by 1 and go to step 12. 1

v i

—>{ I1. Prove P(1) I2. k=n? { 13. Prove P(k + 1) 14. Increase k
Yes

Fig. 2. Algorithm I: Mathematical induction.

Since this algorithm clearly presents a proof of P(n), for any given n, the
proof technique consisting of steps (a) and (b) is logically valid. It is called proof
by mathematical induction.

The concept of mathematical induction should be distinguished from what
is usually called inductive reasoning in science. A scientist takes specific observa-
tions and creates, by “induction,” a general theory or hypothesis that accounts
for these facts; for example, we might observe the five relations in (1), above,
and formulate (2). In this sense, induction is no more than our best guess about
the situation; mathematicians would call it an empirical result or a conjecture.

Another example will be helpful. Let p(n) denote the number of partitions
of n, that is, the number of different ways to write n as a sum of positive integers,
disregarding order. Since 5 can be partitioned in exactly seven ways,

1+1+1414+1=24+1+1+1=2+2+1=3+1+1=3+2=4+1=35,
we have p(5) = 7. In fact, it is easy to establish the first few values,

p(1)=1, p(2)=2, pB3)=3, p4)=5, p(5)=T.

At this point we might tentatively formulate, by induction, the hypothesis that
the sequence p(2), p(3), ... runs through the prime numbers. To test this
hypothesis, we proceed to calculate p(6) and behold! p(6) = 11, confirming
our conjecture.

[Unfortunately, p(7) turns out to be 15, spoiling everything, and we must
try again. The numbers p(n) are known to be quite complicated, although
S. Ramanujan succeeded in guessing and proving many remarkable things about
them. For further information, see G. H. Hardy, Ramanujan (London: Cam-
bridge University Press, 1940), Chapters 6 and 8.]

Mathematical induction is quite different from induction in the sense just
explained. It is not just guesswork, but a conclusive proof of a statement; indeed,
it is a proof of infinitely many statements, one for each n. It has been called
“induction” only because one must first decide somehow what is to be proved,
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before one can apply the technique of mathematical induction. Henceforth in
this book we shall use the word induction only when we wish to imply proof by
mathematical induction.

There is a geometrical way to prove Eq. (2). : _
Figure 3 shows, for n = 6, n? cells broken into ; : ‘ C 11
groups of 1+ 3+ -+ (2n — 1) cells. However, in '
the final analysis, this picture can be regarded as a
“proof” only if we show that the construction can L7
be carried out for all n, and such a demonstration ] I
is essentially the same as a proof by induction.

Our proof of Eq. (2) used only a special case © 3

of (b); we merely showed that the truth of P(n) ’
implies the truth of P(n+1). This is an important
simple case that arises frequently, but our next Fig. 3. The sum of odd
example illustrates the power of the method a little numbers is a square.
more. We define the Fibonacci sequence Fy, Fi,
F,, ... by the rule that F, = 0, F; = 1, and every further term is the sum of
the preceding two. Thus the sequence begins 0, 1, 1, 2, 3, 5, 8, 13, ...; we will
investigate it in detail in Section 1.2.8. We will now prove that if ¢ is the number
(1++/5)/2 we have

1

F, < ¢" 1 (3)
for all positive integers n. Call this formula P(n).

If n=1, then F; =1=¢" = ¢"1, so step (a) has been done. For step (b)
we notice first that P(2) is also true, since F, = 1 < 1.6 < ¢' = ¢*~L. Now, if all
of P(1), P(2), ..., P(n) are true and n > 1, we know in particular that P(n—1)
and P(n) are true; so F,_; < ¢" 2 and F, < ¢"~'. Adding these inequalities,
we get

Fopr=Fpo1 + Fu S¢"72+ 9™ = 9" %(1 4+ 9). (4)

The important property of the number ¢, indeed the reason we chose this number
for this problem in the first place, is that

1+ ¢ =% (5)

Plugging (5) into (4) gives Fny1 < ¢™, which is P(n + 1). So step (b) has
been done, and (3) has been proved by mathematical induction. Notice that we
approached step (b) in two different ways here: We proved P(n+1) directly when
n = 1, and we used an inductive method when n > 1. This was necessary, since
when n = 1 our reference to P(n — 1) = P(0) would not have been legitimate.

Mathematical induction can also be used to prove things about algorithms.
Consider the following generalization of Euclid’s algorithm.

Algorithm E (Extended Euclid’s algorithm). Given two positive integers m
and n, we compute their greatest common divisor d and two integers a and b,
such that am + bn = d.

E1. [Initialize] Set @’ ¢+~ b« 1,a ¢V <+ 0,c+m, d < n.
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E2. [Divide.] Let ¢ and r be the quotient and remainder, respectively, of c
divided by d. (We have c=¢gd+rand 0 <r < d.)

E3. [Remainder zero?] If r = 0, the algorithm terminates; we have in this case
am + bn = d as desired.

E4. [Recycle] Set c«~ d, d < r,t < d,a’ ¢-a,a ¢+ t—qa, t + b, b « b,
b+t — gb, and go back to E2. 1

If we suppress the variables a, b, @/, and b’ from this algorithm and use m
and n for the auxiliary variables ¢ and d, we have our old algorithm, 1.1E. The
new version does a little more, by determining the coefficients a and b. Suppose
that m = 1769 and n = 551; we have successively (after step E2):

a a b b c d

q T

1 0 0 1 1769 551 3 116
0 1 1 -3 551 116 4 87

1 —4 -3 13 116 87 1 29
—4 5 13 —16 87 29 3 0

The answer is correct: 5 x 1769 — 16 x 551 = 8845 — 8816 = 29, the greatest
common divisor of 1769 and 551.

The problem is to prove that this algorithm works properly, for all m and n.
We can try to apply the method of mathematical induction by letting P(n) be
the statement “Algorithm E works for n and all integers m.” However, that
approach doesn’t work out so easily, and we need to prove some extra facts.
After a little study, we find that something must be proved about a, b, a’, and
b, and the appropriate fact is that the equalities

am+bn=c, am+bn=d (6)

always hold whenever step E2 is executed. We may prove these equalities directly
by observing that they are certainly true the first time we get to E2, and that
step E4 does not change their validity. (See exercise 6.)

Now we are ready to show that Algorithm E is valid, by induction on n: If
m is a multiple of n, the algorithm obviously works properly, since we are done
immediately at E3 the first time. This case always occurs when n = 1. The
only case remaining is when n > 1 and m is not a multiple of n. In such a
case, the algorithm proceeds to set ¢ < n, d « r after the first execution, and
since r < n, we may assume by induction that the final value of d is the ged
of n and r. By the argument given in Section 1.1, the pairs {m,n} and {n,r}
have the same common divisors, and, in particular, they have the same greatest
common divisor. Hence d is the ged of m and n, and am + bn = d by (6).

The italicized phrase in the proof above illustrates the conventional lan-
guage that is so often used in an inductive proof: When doing part (b) of the
construction, rather than saying “We will now assume P(1), P(2),..., P(n), and
with this assumption we will prove P(n +1),” we often say simply “We will now
prove P(n); we may assume by induction that P(k) is true whenever 1 < k < n.”
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___,———AI.' m>0, n>0.
Start -

"
_--A2: c=m>0, d=n>0,
El a+0 a1 c+m //’/ a=b =0, a’'=b=1.
b+l M0 dén e
--A8: am+bn=d, d/m+bn=c=qd+r,
B2 g ¢ quotient(c + d) I 0<r<d, ged(c,d)=ged(m,n).
" 7+ remainder(c+ d) L7
S o7 T T ===~ A4: am 4+ bn=d=gcd(m,n).
=07
CRED oy /AN
Noé__
_______________ A5: am+bn=d, dm+bn=c=qd+r,
ced, der; 0<r<d, ged(c,d)=ged(m,n).
E4. t+a',a +a,a+t—qaq;
t« b, b b bet—qb.
____________________ Ab: am + bn=d, a/m+bn=c, d>0,
ged(c, d) = ged(m, n).

Fig. 4. Flow chart for Algorithm E, labeled with assertions that prove the validity of
the algorithm.

If we examine this argument very closely and change our viewpoint slightly,
we can envision a general method applicable to proving the validity of any
algorithm. The idea is to take a flow chart for some algorithm and to label
each of the arrows with an assertion about the current state of affairs at the
time the computation traverses that arrow. See Fig. 4, where the assertions
have been labeled A1, A2, ..., A6. (All of these assertions have the additional
stipulation that the variables are integers; this stipulation has been omitted to
save space.) A1 gives the initial assumptions upon entry to the algorithm, and
A4 states what we hope to prove about the output values a, b, and d.

The general method consists of proving, for each box in the flow chart, that

if any one of the assertions on the arrows leading into the box
is true before the operation in that box is performed, then all of
the assertions on the arrows leading away from the box are true
after the operation.

(7)

Thus, for example, we must prove that either A2 or A6 before E2 implies A8
after E2. (In this case A2 is a stronger statement than A6; that is, A2 implies
A6. So we need only prove that A6 before E2 implies A8 after. Notice that the
condition d > 0 is necessary in A6 just to prove that operation E2 even makes
sense.) It is also necessary to show that A8 and r = 0 implies A4; that A8 and
r # 0 implies A5; etc. Each of the required proofs is very straightforward.

Once statement (7) has been proved for each box, it follows that all assertions
are true during any execution of the algorithm. For we can now use induction
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on the number of steps of the computation, in the sense of the number of arrows
traversed in the flow chart. While traversing the first arrow, the one leading from
“Start”, the assertion A1 is true since we always assume that our input values
meet the specifications; so the assertion on the first arrow traversed is correct.
If the assertion that labels the nth arrow is true, then by (7) the assertion that
labels the (n + 1)st arrow'is also true.

Using this general method, the problem of proving that a given algorithm
is valid evidently consists mostly of inventing the right assertions to put in the
flow chart. Once this inductive leap has been made, it is pretty much routine to
carry out the proofs that each assertion leading into a box logically implies each
assertion leading out. In fact, it is pretty much routine to invent the assertions
themselves, once a few of the difficult ones have been discovered; thus it is very
simple in our example to write out essentially what A2, A3, and A5 must be,
ifonly A1, A4, and A6 are given. In our example, assertion A6 is the creative
part of the proof; all the rest could, in principle, be supplied mechanically. Hence
no attempt has been made to give detailed formal proofs of the algorithms that
follow in this book, at the level of detail found in Fig. 4. It suffices to state
the key inductive assertions. Those assertions either appear in the discussion
following an algorithm or they are given as parenthetical remarks in the text of
the algorithm itself.

This approach to proving the correctness of algorithms has another aspect
that is even more important: It mirrors the way we understand an algorithm.
Recall that in Section 1.1 the reader was cautioned not to expect to read an
algorithm like part of a novel; one or two trials of the algorithm on some sample
data were recommended. This was done expressly because an example run-
through of the algorithm helps a person formulate the various assertions mentally.
It is the contention of the author that we really understand why an algorithm is
valid only when we reach the point that our minds have implicitly filled in all the
assertions, as was done in Fig. 4. This point of view has important psychological
consequences for the proper communication of algorithms from one person to
another: It implies that the key assertions, those that cannot easily be derived
by an automaton, should always be stated explicitly when an algorithm is being
explained to someone else. When Algorithm E is being put forward, assertion
A6 should be mentioned too.

An alert reader will have noticed a gaping hole in our last proof of Algo-
rithm E, however. We never showed that the algorithm terminates; all we have
proved is that if it terminates, it gives the right answer!

(Notice, for example, that Algorithm E still makes sense if we allow its
variables m, n, ¢, and r to assume values of the form u + v+/2, where u and v
are integers. The variables g, a, b, @, b/ are to remain integer-valued. If we start
the algorithm with m = 12 — 6+/2 and n = 20 — 10+/2, say, it will compute a
“greatest common divisor” d =4 — 2 V2 with a = +2, b = —1. Even under this
extension of the assumptions, the proofs of assertions A1 through A6 remain
valid; therefore all assertions are true throughout any execution of the algorithm.
But if we start the procedure with m = 1 and n = v/2, the computation never
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terminates (see exercise 12). Hence a proof of assertions AI through A6 does
not logically prove that the algorithm is finite.)

Proofs of termination are usually handled separately. But exercise 13 shows
that it is possible to extend the method above in many important cases so that
a proof of termination is included as a by-product.

We have now twice proved the validity of Algorithm E. To be strictly logical,
we should also try to prove that the first algorithm in this section, Algorithm I,
is valid; in fact, we have used Algorithm I to establish the correctness of any
proof by induction. If we attempt to prove that Algorithm I works properly,
however, we are confronted with a dilemma—we can’t really prove it without
using induction again! The argument would be circular.

In the last analysis, every property of the integers must be proved using
induction somewhere along the line, because if we get down to basic concepts, the
integers are essentially defined by induction. Therefore we may take as axiomatic
the idea that any positive integer n either equals 1 or can be reached by starting
with 1 and repetitively adding 1; this suffices to prove that Algorithm I is valid.
[For a rigorous study of fundamental concepts about the integers, see the article
“On Mathematical Induction” by Leon Henkin, AMM 67 (1960), 323—338.]

The idea behind mathematical induction is thus intimately related to the
concept of number. The first European to apply mathematical induction to
rigorous proofs was the Italian scientist Francesco Maurolico, in 1575. Pierre
de Fermat made further improvements, in the early 17th century; he called it
the “method of infinite descent.” The notion also appears clearly in the later
writings of Blaise Pascal (1653). The phrase “mathematical induction” appar-
ently was coined by A. De Morgan in the early nineteenth century. [See AMM
24 (1917), 199-207; 25 (1918), 197-201; Arch. Hist. Exact Sci. 9 (1972), 1-21.]
Further discussion of mathematical induction can be found in G. Pélya’s book
Induction and Analogy in Mathematics (Princeton, N.J.: Princeton University
Press, 1954), Chapter 7.

The formulation of algorithm-proving in terms of assertions and induction,
as given above, is essentially due to R. W. Floyd. He pointed out that a semantic
definition of each operation in a programming language can be formulated as a
logical rule that tells exactly what assertions can be proved after the operation,
based on what assertions are true beforehand [see “Assigning Meanings to Pro-
grams,” Proc. Symp. Appl. Math., Amer. Math. Soc., 19 (1967), 19-32]. Similar
ideas were voiced independently by Peter Naur, BIT 6 (1966), 310-316, who
called the assertions “general snapshots.” An important refinement, the notion
of “invariants,” was introduced by C. A. R. Hoare; see, for example, CACM 14
(1971), 39-45. Later authors found it advantageous to reverse Floyd’s direction,
going from an assertion that should hold after an operation to the “weakest
precondition” that must hold before the operation is done; such an approach
makes it possible to discover new algorithms that are guaranteed to be correct,
if we start from the specifications of the desired output and work backwards.
[See E. W. Dijkstra, CACM 18 (1975), 453-457; A Discipline of Programming
(Prentice-Hall, 1976).]
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The concept of inductive assertions actually appeared in embryonic form in
1946, at the same time as flow charts were introduced by H. H. Goldstine and
J. von Neumann. Their original flow charts included “assertion boxes” that are
in close analogy with the assertions in Fig. 4. [See John von Neumann, Collected
Works 5 (New York: Macmillan, 1963), 91-99. See also A. M. Turing’s early
comments about verification in Report of a Conference on High Speed Automatic
Calculating Machines (Cambridge Univ., 1949), 67-68 and figures; reprinted
with commentary by F. L. Morris and C. B. Jones in Annals of the History of
Computing 6 (1984), 139-143.]

The understanding of the theory of a routine
may be greatly aided by providing, at the time of construction
one or two statements concerning the state of the machine
at well chosen points.
In the extreme form of the theoretical method
a watertight mathematical proof is provided for the assertions.
In the extreme form of the experimental method
the routine is tried out on the machine with a variety of initial
conditions and Is pronounced fit if the assertions hold in each case.
Both methods have their weaknesses.

— A. M. TURING, Ferranti Mark | Programming Manual (1950)

EXERCISES

1. [05] Explain how to modify the idea of proof by mathematical induction, in case
we want to prove some statement P(n) for all nonnegative integers — that is, for n = 0,
1,2, ... insteadof forn=1,2, 3, ....

2. [15] There must be something wrong with the following proof. What is it?
“Theorem. Let a be any positive number. For all positive integers n we have
a™ ! = 1. Proof. If n =1, a™ ! = a'™' =a® = 1. And by induction, assuming

that the theorem is true for 1, 2, ..., n, we have
n—1 n—1
(nt1)—=1 _ n_ Q X a _1)(1_
a =a = e e 1;

so the theorem is true for n + 1 as well.”

3. [18] The following proof by induction seems correct, but for some reason the
equation for n = 6 gives 5 + ¢ + 15 + 35 + 35 = ¢ on the left-hand side, and 3 — 1 = £
on the right-hand side. Can you find a mistake? “Theorem.

I SR S SRR SO

1x2 2x3 (n-1)xn 2 n’

Proof. We use induction on n. For n =1, clearly 3/2—1/n = 1/(1 X 2); and, assuming
that the theorem is true for n,

1 1 1

1><2+.'“+(n—1)><n+n><(n+1)
BN W O U S T T U
"2 n nar+1l) 2 n n n+l/ 2 n4+l

4. [20] Prove that, in addition to Eq. (3), Fibonacci numbers satisfy F, > ¢™ 2.
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5. [21] A prime number is an integer > 1 that has no exact divisors other than 1
and itself. Using this definition and mathematical induction, prove that every integer
> 1 may be written as a product of one or more prime numbers.

6. [20] Prove that if Egs. (6) hold before step E4 is performed, they hold afterwards
also.

7. [23] Formulate and prove by induction a rule for the sums 1°, 2% — 1%, 3% —2% 417
4% ~ 32422 12 52 42 + 3% - 22 1 1% etc.

8. [25] (a) Prove the following theorem of Nicomachus (A.D. ¢. 100) by induction:
13=1,22=3+5,33=7+9+11, 4% =134+ 15+ 17+ 19, etc. (b) Use this result to
prove the remarkable formula 1° + 2% + ...+ n® = (1+ 2+ -+ n)%.

[Note: An attractive geometric interpretation of this formula, suggested to the author
by R. W. Floyd, is shown in Fig. 5. The idea is related to Nicomachus'’s theorem and
Fig. 3. Other “look-see” proofs can be found in books by Martin Gardner, Knotted
Doughnuts (New York: Freeman, 1986), Chapter 16; J. H. Conway and R. K. Guy,
The Book of Numbers (New York: Copernicus, 1996), Chapter 2.]

Side =5+5+5+5+5+5=5-(5+1) | |

Side = 5+4+3+2+1+142+3+4+5 l
=2(1+2+ --+5) — —

Area=4.124+4-2.224+4.3.32+4.5-5% — —
=4(134+2°+...+5% l

Fig. 5. Geometric version of exercise 8(b).

9. [20] Prove by induction that if 0 < a < 1, then (1 —a)" > 1 —na.
10. [M22] Prove by induction that if n > 10, then 2" > n®.
11. [M30] Find and prove a simple formula for the sum
3 N 52 N (-1)"(2n +1)°
14+4 3444 5*+44 2n+1)*+4 "
12. [M25] Show how Algorithm E can be generalized as stated in the text so that
it will accept input values of the form u + v+/2, where u and v are integers, and the
computations can still be done in an elementary way (that is, without using the infinite
decimal expansion of v/2). Prove that the computation will not terminate, however, if
m=1and n =v2.
13. [M23] Extend Algorithm E by adding a new variable T and adding the operation
“T «+ T+1” at the beginning of each step. (Thus, T is like a clock, counting the number
of steps executed.) Assume that T is initially zero, so that assertion A! in Fig. 4
becomes “m > 0, n =0, T = 0.” The additional condition “T" = 1” should similarly be
appended to A2. Show how to append additional conditions to the assertions in such a
way that any one of A1, A2, ..., A6 implies T < 3n, and such that the inductive proof
can still be carried out. (Hence the computation must terminate in at most 3n steps.)
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14. [50] (R.W.Floyd.) Prepare a computer program that accepts, as input, programs
in some programming language together with optional assertions, and that attempts to
fill in the remaining assertions necessary to make a proof that the computer program
is valid. (For example, strive to get a program that is able to prove the validity of
Algorithm E, given only assertions AI, A4, and A6. See the papers by R. W. Floyd
and J. C. King in the IFIP,Congress proceedings, 1971, for further discussion.)

15. [HM28] (Generalized induction.) The text shows how to prove statements P(n)
that depend on a single integer n, but it does not describe how to prove statements
P(m,n) depending on two integers. In these circumstances a proof is often given by
some sort of “double induction,” which frequently seems confusing. Actually, there
is an important principle more general than simple induction that applies not only to
this case but also to situations in which statements are to be proved about uncountable
sets - - for example, P(z) for all real x. This general principle is called well-ordering.
Let “<” be a relation on a set S, satisfying the following properties:

i) Given ¢, y,and z in S, if ¢ < y and y < z, then = < 2.
ii) Given z and y in S, exactly one of the following three possibilities is true: = < vy,
=y, ory<umc.
ili) If A is any nonempty subset of S, there is an element z in 4 with z < y (that is,
z<yorz=y)foral yin A.

This relation is said to be a well-ordering of S. For example, it is clear that the positive
integers are well-ordered by the ordinary “less than” relation, <.

a) Show that the set of all integers is not well-ordered by <.

b) Define a well-ordering relation on the set of all integers.

¢) Is the set of all nonnegative real numbers well-ordered by <?

d) (Lexicographic order.) Let S be well-ordered by <, and for n > 0 let T}, be the
set of all n-tuples (z1,%2,...,2,) of elements z; in S. Define (z1,%2,...,z,) <
(¥1,92,-..,Yn), if there is some k, 1 < k < n, such that z; = y; for 1 < j < k, but
ZTi < yx in S. Is < a well-ordering of T,,7

e) Continuing part (d), let T = {J, ., Tn; define (z1,Z2,...,@m) < (Y1,Y2,---,Yn) if
z; = y; for 1 < j < k and @ < yx, for some k < min(m,n), or if m < n and
z; = y; for 1 < j < m. Is < a well-ordering of T7

f) Show that < is a well-ordering of S if and only if it satisfies (i) and (ii) above and
there is no infinite sequence x1, 2, x3, ... with ;11 < z; for all j > 1.

g) Let S be well-ordered by <, and let P(z) be a statement about the element « of S.
Show that if P(z) can be proved under the assumption that P(y) is true for all
y < z, then P(z) is true for all z in S.

[Notes: Part (g) is the generalization of simple induction that was promised; in the case
S = positive integers, it is just the simple case of mathematical induction treated in the
text. In that case we are asked to prove that P(1) is true if P(y) is true for all positive
integers y < 1; this is the same as saying we should prove P(1), since P(y) certainly is
(vacuously) true for all such y. Consequently, one finds that in many situations P(1)
need not be proved using a special argument.

Part (d), in connection with part (g), gives us a powerful method of n-tuple
induction for proving statements P(mi, ..., my) about n positive integers mi, ..., mn.

Part (f) has further application to computer algorithms: If we can map each state
of a computation into an element f(xz) belonging to a well-ordered set S, in such a way
that every step of the computation takes a state z into a state y with f(y) < f(z), then
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the algorithm must terminate. This principle generalizes the argument about strictly
decreasing values of n, by which we proved the termination of Algorithm 1.1E.]

1.2.2. Numbers, Powers, and Logarithms

Let us now begin our study of numerical mathematics by taking a good look at
the numbers we are dealing with. The integers are the whole numbers

., —3,-2.-1,0,1,2,3, ...

(negative, zero, or positive). A rational number is the ratio (quotient) of two
integers, p/q, where g is positive. A real number is a quantity z that has a
decimal expansion

.’L’Z’n+0d1dzd3, (1)

where n is an integer, each d; is a digit between 0 and 9, and the sequence of
digits doesn’t end with infinitely many 9s. The representation (1) means that
dl d2 dk; d2 dk 1

dy
ar %2 g Bk o Bl T S T, S Wl
"ttt TR SE <t gttt T @

for all positive integers k. Examples of real numbers that are not rational are

7w = 3.14159265358979 ..., the ratio of circumference to diameter in a circle;
¢ = 1.61803398874989..., the golden ratio (1 ++/5)/2 (see Section 1.2.8).

A table of important constants, to forty decimal places of accuracy, appears in
Appendix A. We need not discuss the familiar properties of addition, subtrac-
tion, multiplication, division, and comparison of real numbers.

Difficult problems about integers are often solved by working with real
numbers, and difficult problems about real numbers are often solved by working
with a still more general class of values called complex numbers. A complex
number is a quantity z of the form z = z + iy, where z and y are real and ¢ is
a special quantity that satisfies the equation 2 = —1. We call z and y the real
part and the imaginary part of z, and we define the absolute value of z to be

2| = viz? + 92 (3)

The complex conjugate of z is Z = = — iy, and we have 2z = 2% + y? = |2|2. The
theory of complex numbers is in many ways simpler and more beautiful than
the theory of real numbers, but it is usually considered to be an advanced topic.
Therefore we shall concentrate on real numbers in this book, except when real
numbers turn out to be unnecessarily complicated.

If u and v are real numbers with u < v, the closed interval [u..v] is the set
of real numbers z such that v < z < v. The open interval (u..v) is, similarly,
the set of z such that u < z < v. And half-open intervals [u..v) or (u..v] are
defined in an analogous way. We also allow u to be —co or v to be 0o at an
open endpoint, meaning that there is no lower or upper bound; thus (—co..c0)
stands for the set of all real numbers, and [0..c0) denotes the nonnegative reals.
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Throughout this section, let the letter b stand for a positive real number. If
n is an integer, then " is defined by the familiar rules

=1, b"=b""1 if n>0  =b"tYb if n<O. (4)
It is easy to prove by induction that the laws of exponents are valid:
b = b, (B7) = b, (5)

whenever z and y are integers.

If u is a positive real number and if m is a positive integer, there is always
a unique positive real number v such that v™ = wu; it is called the mth root of v,
and denoted v = Vu.

We now define b” for rational numbers r as follows:

pP/9 = /bP, (6)

This definition, due to Oresme (c. 1360), is a good one, since b?/*¢ = bP/9, and
since the laws of exponents are still correct even when z and y are arbitrary
rational numbers (see exercise 9).

Finally, we define b* for all real values of z. Suppose first that b > 1; if z is
given by Eq. (1), we want

k k k
prtdi/1044di /105 < pr o prtds/10+ -+ di /10¥ +1/10% (7)

This defines b® as a unique positive real number, since the difference between the
right and left extremes in Eq. (7) is b™d1/104++d/10% (p1/10° _1): by exercise 13
below, this difference is less than b»+1(b—1)/10*, and if we take k large enough,
we can therefore get any desired accuracy for b*.

For example, we find that

10030102999 — 7 9999999739..., 10°%1030%0 = 2.0000000199...;  (8)

therefore if b = 10 and z = 0.30102999..., we know the value of 10 with an
accuracy of better than one part in 10 million (although we still don’t even know
whether the decimal expansion of 10% is 1.999... or 2.000...).

When b < 1, we define b = (1/b)~%; and when b = 1, 1% = 1. With these
definitions, it can be proved that the laws of exponents (5) hold for any real
values of ¢ and y. These ideas for defining b* were first formulated by John
Wallis (1655) and Isaac Newton (1669).

Now we come to an important question. Suppose that a positive real number
y is given; can we find a real number z such that y = b*? The answer is “yes”
(provided that b # 1), for we simply use Eq. (7) in reverse to determine n and

di,dy,... when b* = y is given. The resulting number z is called the logarithm
of y to the base b, and we write this as z = log, y. By this definition we have
z = b8 * = log, (b*). (9)

As an example, Egs. (8) show that
log,, 2 = 0.30102999... . (10)
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From the laws of exponents it follows that
log,(zy) = log,z +log,y, if z>0, y>0 (11)

and
log,(c¥) =y logyc, if ¢>0. (12)

Equation (10) illustrates the so-called common logarithms, which we get
when the base is 10. One might expect that in computer work binary logarithms
(to the base 2) would be more useful, since most computers do binary arithmetic.
Actually, we will see that binary logarithms are indeed very useful, but not only
for that reason; the reason is primarily that a computer algorithm often makes
two-way branches. Binary logarithms arise so frequently, it is wise to have a
shorter notation for them. Therefore we shall write

lgz = log, , (13)

following a suggestion of Edward M. Reingold.
The question now arises as to whether or not there is any relationship
between Ig z and log,, z; fortunately there is,

logyp z = log;,(2'%%) = (Igz)(log,, 2),
by Egs. (9) and (12). Hence lgz = log;, z/log,, 2, and in general we find that

log, x
log,z = T(—)%;_E' (14)
Equations (11), (12), and (14) are the fundamental rules for manipulating log-
arithms.

It turns out that neither base 10 nor base 2 is really the most conve-
nient base to work with in most cases. There is a real number, denoted by
e = 2.718281828459045. .., for which the logarithms have simpler properties.
Logarithms to the base e are conventionally called natural logarithms, and we
write

Inz = log, z. (15)

This rather arbitrary definition (in fact, we haven’t really defined e) probably
doesn’t strike the reader as being a very “natural” logarithm; yet we’ll find that
In z seems more and more natural, the more we work
with it. John Napier actually discovered natural
logarithms (with slight modifications, and without
connecting them with powers) before the year 1590,
many years before any other kind of logarithm was
known. The following two examples, proved in ev-
ery calculus text, shed some light on why Napier’s
logarithms deserve to be called “natural”: (a) In T )

Fig. 6 the area of the shaded portion is Inz. (b) If a (1,0) (z,0)
bank pays compound interest at rate r, compounded
semiannually, the return on each dollar is (1 + r/2)?

z,1/x)

Fig. 6. Natural logarithm.
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dollars; if it is compounded quarterly, you get (1 4- r/4)* dollars; and if it is
compounded daily you probably get (1 4 7/365)3%5 dollars. Now if the interest
were compounded continuously, you would get exactly e” dollars for every dollar
(ignoring roundoff error). In this age of computers, many bankers have now
actually reached the limiting formula.

The interesting history of the concepts of logarithm and exponential has
been told in a series of articles by F. Cajori, AMM 20 (1913), 5-14, 35-47,
75-84, 107-117, 148-151, 173-182, 205-210.

We conclude this section by considering how to compute logarithms. One
method is suggested immediately by Eq. (7): If we let b = y and raise all parts
of that equation to the 10*-th power, we find that

b < ylo" < bt (16)

for some integer m. All we have to do to get the logarithm of y is to raise y to
this huge power and find which powers (m, m + 1) of b the result lies between;
then m/10* is the answer to k decimal places.

A slight modification of this apparently impractical method leads to a simple
and reasonable procedure. We will show how to calculate log,, z and to express
the answer in the binary system, as

logilpz=n+b/2+b/4+b3/8+---. (27)

First we shift the decimal point of z to the left or to the right so that we have
1 < £/10™ < 10; this determines the integer part, n. To obtain by, by, ..., we
now set o = z/10™ and, for k£ > 1,

b =0, zp=zxi_,, if zf_ ) <10;
2 ; 2 (18)
b, =1, Ik=Ik_1/10, if Ti_q > 10.
The validity of this procedure follows from the fact that
1< Tk = x2k/102k(n+bx/2+'--+bk/2") < 10’ (19)

for k=10,1,2,..., as is easily proved by induction.

In practice, of course, we must work with only finite accuracy, so we cannot
set zx = w%_l exactly. Instead, we set z, = zi_l rounded or truncated to a
certain number of decimal places. For example, here is the evaluation of log,, 2
rounded to four significant figures:

zo = 2.000;

ry = 4.000, b1 =
zg = 1.600, by =
r3 = 2.560, b3 =
4 = 6.554, by =
rs = 4.295, bs =

Te 1845, b6
X7 = 3404, b7 =
; rg = 1.159, bg
; Zg 1.343, by
; To = 1.804, by =

Il
i
eerer

rooro

; etc.

Computational error has caused errors to propagate; the true rounded value of
10 is 1.798. This will eventually cause big to be computed incorrectly, and
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we get the binary value 0.0100110100010000011..., which corresponds to the
decimal equivalent 0.301031... rather than the true value given in Eq. (10).

With any method such as this it is necessary to examine the amount of
computational error due to the limitations imposed. Exercise 27 derives an
upper bound for the error; working to four figures as above, we find that the
error in the value of the logarithm is guaranteed to be less than 0.00044. Our
answer above was more accurate than this primarily because zq, z1, z2, and z3
were obtained ezactly.

This method is simple and quite interesting, but it is probably not the
best way to calculate logarithms on a computer. Another method is given in
exercise 25.

EXERCISES
1. [00] What is the smallest positive rational number?
2. [00] Ts 1+ 0.239999999... a decimal expansion?
3. [02] What is (—3)7%?
» 4. [05] What is (0.125)7%/37
5. [05] We defined real numbers in terms of a decimal expansion. Discuss how we

could have defined them in terms of a binary expansion instead, and give a definition
to replace Eq. (2).

6. [10] Let ¢ =m +0.didz... and y = n+ O.e1ez ... be real numbers. Give a rule
for determining whether z = y, z < y, or ¢ > y, based on the decimal representation.

7. [M25] Given that z and y are integers, prove the laws of exponents, starting from
the definition given by Eq. (4).

8. [25] Let m be a positive integer. Prove that every positive real number u has a
unique positive mth root, by giving a method to construct successively the values n,
di1, d2, ... in the decimal expansion of the root.

9. [M23] Given that z and y are rational, prove the laws of exponents under the
assumption that the laws hold when z and y are integers.

10. [18] Prove that log,, 2 is not a rational number.

> 11. [10] If b = 10 and z = log, 2, to how many decimal places of accuracy will we
need to know the value of z in order to determine the first three decimal places of
the decimal expansion of b®? (Note: You may use the result of exercise 10 in your
discussion.)

12. [02] Explain why Eq. (10) follows from Egs. (8).

> 13. [M23] (a) Given that z is a positive real number and n is a positive integer, prove
the inequality v1+ z—1 < z/n. (b) Use this fact to justify the remarks following (7).

14. [15] Prove Eq. (12).
15. [10] Prove or disprove:
log, x/y =log,« — log,y, if z,y>0.

16. [00] How can log,, = be expressed in terms of Inz and In 107
> 17. [05] What is 1g327 log, n? lne? log, 17 log,(—1)7
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18. [10] Prove or disprove: loggz = % lgz.

19. [20] If nis an integer whose decimal representation is 14 digits long, will the value
of n fit in a computer word with a capacity of 47 bits and a sign bit?

20. [10] Is there any simple relation between log,, 2 and log, 107
21. [15] (Logs of logs.) Express log, log, « in terms of Inlnz, Inlnb, and Inb.
22. [20] (R. W. Hamming.) Prove that

lgz ~ Inz + log, =,

with less than 1% error! (Thus a table of natural logarithms and of common logarithms
can be used to get approximate values of binary logarithms as well.)

23. [M25] Give a geometric proof that Inzy = Inz + Iny, based on Fig. 6.

24. [15] Explain how the method used for calculating logarithms to the base 10 at
the end of this section can be modified to produce logarithms to base 2.

25. [22] Suppose that we have a binary computer and a number z, 1 < z < 2.
Show that the following algorithm, which uses only shifting, addition, and subtraction
operations proportional to the number of places of accuracy desired, may be used to
calculate an approximation to y = log, z:

L1. [Initialize.] Set y « 0, z « x shifted right 1, k + 1.
L2. [Test for end.] If z = 1, stop.

L3. [Compare.] If z — z < 1, set z « z shifted right 1, k¥ <~ £+ 1, and repeat this
step.

L4. [Reduce values.] Set  + z—z, z + « shifted right k, y « y+log, (2*/(2*-1)),
and go to L2. |

[Notes: This method is very similar to the method used for division in computer
hardware. The idea goes back in essence to Henry Briggs, who used it (in decimal
rather than binary form) to compute logarithm tables, published in 1624. We need
an auxiliary table of the constants log, 2, log,(4/3), log,(8/7), etc., to as many values
as the precision of the computer. The algorithm involves intentional computational
errors, as numbers are shifted to the right, so that eventually  will be reduced to 1
and the algorithm will terminate. The purpose of this exercise is to explain why it will
terminate and why it computes an approximation to log, .]

26. [M27] Determine upper bounds on the accuracy of the algorithm in the previous
exercise, based on the precision used in the arithmetic operations.

27. [M25] Consider the method for calculating log,, = discussed in the text. Let zj
denote the computed approximation to zx, determined as follows: z(1—4d) < 10"zg <
z(1 + €); and in the determination of z} by Egs. (18), the quantity y is used in place
of (z4_1)?, where (z}_;)2(1 —6) < yr < (zh_1)*(1 +¢€) and 1 < y, < 100. Here §
and e are small constants that reflect the upper and lower errors due to rounding or
truncation. If log’ ¢ denotes the result of the calculations, show that after k steps we
have
log,o @ + 2logy,(1 —8) — 1/2F < log' z < log, = + 2log, (1 + €).

28. [M30] (R.Feynman.) Develop a method for computing b® when 0 < z < 1, using
only shifting, addition, and subtraction (similar to the algorithm in exercise 25), and
analyze its accuracy.
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29. [HM20] Let z be a real number greater than 1. (a) For what real number b > 1 is
blog, = a minimum? (b) For what integer b > 1 is it a minimum? (c) For what integer
b>1is (b+ 1)log, z a minimum?

1.2.3. Sums and Products

Let a1, aq, ... be any sequence of numbers. We are often interested in sums such
as ay +ag + - - - + ap, and this sum is more compactly written using either of the
following equivalent notations:

iaj or Z a;. (1)

1<j<n

If n is zero, the value of this summation is defined to be zero. In general, if R(j)
is any relation involving j, the symbol

> a (2)

R(j)
means the sum of all a; where j is an integer satisfying the condition R(j). If
no such integers exist, notation (2) denotes zero. The letter j in (1) and (2)
is a dummy index or index variable, introduced just for the purposes of the
notation. Symbols used as index variables are usually the letters ¢, §, k, m, n, r,
s, t (occasionally with subscripts or accent marks). Large summation signs like
those in (1) and (2) can also be rendered more compactly as 2?:1 ajory. R(G) %
The use of a ) and index variables to indicate summation with definite limits
was introduced by J. Fourier in 1820.

Strictly speaking, the notation Zlgjgn a; is ambiguous, since it does not
clarify whether the summation is taken with respect to j or to n. In this
particular case it would be rather silly to interpret it as a sum on values of
n 2> j; but meaningful examples can be constructed in which the index variable
is not clearly specified, as in i<k (ff_kk) In such cases the context must make
clear which variable is a dummy variable and which variable has a significance
that extends beyond its appearance in the sum. The example in the preceding
sentence would presumably be used only if either j or k£ (not both) has exterior
significance.

In most cases we will use notation (2) only when the sum is finite — that is,
when only a finite number of values j satisfy R(j) and have a; # 0. If an infinite
sum is required, for example

i = Zaj =a+ay+azg+---
j=1

Jj>1
with infinitely many nonzero terms, the techniques of calculus must be employed;
the precise meaning of (2) is then

> oa= (13;0 > aj>+(n1gn;o > aj>, (3)
R(5) R(j) R(j)
0<j<n 0<j<n
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provided that both limits exist. If either limit fails to exist, the infinite sum is
diwvergent; it does not exist. Otherwise it is convergent.

When two or more conditions are placed under the > sign, as in (3), we
mean that all conditions must hold.

Four simple algebraic operations on sums are very important, and familiarity
with them makes the solution of many problems possible. We shall now discuss
these four operations.

a) The distributive law, for products of sums:

EIE)EEe)

R(3) 5(5) R() “S5(5)

To understand this law, consider for example the special case

(i ai) (ib]) = (a1 + az)(b1 + by + b3)

=1 j=1
= (a1b1 +arby + a1b3) + (a2b1 + agby + 02b3)

It is customary to drop the parentheses on the right-hand side of (4); a double
summation such as Y5 (Xs() a;j) is written simply 2oRG) s Bid-
b) Change of variable:

Zai: Zaj = Z p(j)- (5)

R(i) R(7) R(p(5))

This equation represents two kinds of transformations. In the first case we are
simply changing the name of the index variable from ¢ to j. The second case is
more interesting: Here p(j) is a function of j that represents a permutation of
the range; more precisely, for each integer ¢ satisfying the relation R(i), there
must be exactly one integer j satisfying the relation p(j) = ¢. This condition is
always satisfied in the important cases p(j) = ¢ + j and p(j) = ¢ — 5, where c is
an integer not depending on j, and these are the cases used most frequently in
applications. For example,

Yoa= ) aa= Y a1 (6)

1<j<n 1<j—1<n 2<5<n+1

The reader should study this example carefully.

The replacement of j by p(j) cannot be done for all infinite sums. The
operation is always valid if p(j) = c £ j, as above, but in other cases some
care must be used. [For example, see T. M. Apostol, Mathematical Analysis
(Reading, Mass.: Addison-Wesley, 1957), Chapter 12. A sufficient condition to
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guarantee the validity of (5) for any permutation of the integers, p(j), is that
YR laj| exists.]
¢) Interchanging order of summation:
PIDILEEDIPIL (7)
R(i) S(4) S(3) R(2)

Let us consider a very simple special case of this equation:

Z Zaij = Z (ai1 + as2),

R(i) j=1 R(1)

2

Z Z aij = zail +Zai2~
=1 R(i) R(3) R(3)

By Eq. (7), these two are equal; this says no more than

Z(bi‘l-Ci):Zbi-FZCi, (8)

R(3) R(1) R(3)

where we let b; = a;; and ¢; = a;o.

The operation of interchanging the order of summation is extremely useful,
since it often happens that we know a simple form for 3 R(i) %ij, but not for
> s(j) @ij- We frequently need to interchange the summation order also in a
more general situation, where the relation S(j) depends on ¢ as well as j. In such
a case we can denote the relation by “S(7,7).” The interchange of summation
can always be carried out, in theory at least, as follows:

Do D=3 Y e (9)
R(3) S(i,5) S'(j) R'(i.3)
where S’(j) is the relation “there is an integer ¢ such that both R(7) and S(i, 7)
are true”; and R'(4,) is the relation “both R({) and S(i,j) are true.” For
example, if the summation is y ;- , Z _1 Gij, then S'(j) is the relation “there is
an integer 7 such that 1 <7 <n and 1 < j <4, that is, 1 < j < n; and R'(3, j)
is the relation “1 <i <mand 1 < j <1, thatis, j <i <n. Thus,

n n

; ;ai]’ = Z Zaij- (10)

j=1 i=j

[Note: As in case (b), the operation of interchanging order of summation is not
always valid for infinite series. If the series is absolutely convergent —that is, if
YoR() 2os(j) 1aij] exists—it can be shown that Egs. (7) and (9) are valid. Also
if either one of R(i) or S(j) specifies a finite sum in Eq. (7), and if each infinite
sum that appears is convergent, then the interchange is justified. In particular,
Eq. (8) is always true for convergent infinite sums.]
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d) Manipulating the domain. If R(j) and S(j) are arbitrary relations, we

have
Za]-+2aj= Z a; + Z a;. (11)
R(5) 537) R(j) or S(j) R(j) and 5(5)
For example,
Z a; + Z aj:(z aj>+am, (12)
1<j<m m<j<n 1<j<n

assuming that 1 < m < n. In this case “R(j) and S(j)” is simply “j = m,” so we
have reduced the second sum to simply “a.,.” In most applications of Eq. (11),
either R(j) and S(j) are simultaneously satisfied for only one or two values of 7,
or else it is impossible to have both R(j) and S(j) true for the same j. In the
latter case, the second sum on the right-hand side of Eq. (11) simply disappears.

Now that we have seen the four basic rules for manipulating sums, let’s
study some further illustrations of how to apply these techniques.

Example 1.
E a; = E aj + E a; by rule (d)
0<j<n 0<j<n 0<j<n
jeven jodd
= E azj + E azj+1 by rule (b)
0<2j<n 0<2j+1<n
2j even 2j+1odd
= E azj + E a2j41-
0<;j<n/2 0<j<n/2

The last step merely consists of simplifying the relations below the 3 ’s.

Example 2. Let

S = Z a;a; = Z Za,—aj by rule (c) [see Eq. (10)]
i=0 j=0 J=0 i=j
= Z Zaiaj by rule (b),
i=0 j=i

interchanging the names ¢ and j and recognizing that a;ja; = a;a;. If we denote
the latter sum by S», we have

n

25, =851 + S,= Z (21: a;a; + ZQiaJ) by Eq. (8)
j=0 j=i

1=0

- = by rule (d
= 2 ((Z aiaj) +aiai> [};ereuéq( ()12)]

=0
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= Z Zaiaj + Zaiai by Eq. (8)
BN (B v
= (Z ai) + (Z af) by rule (b).

Thus we have derived the important identity
n i n 2 n
Zzaiaj=§<<zai) +<Zaz)) (13)
=0 j=0 =0 =0

Example 3 (The sum of a geometric progression). Assume that z # 1, n > 0.
Then

a+ar+---+az" = Z az’ by definition (2)
0<i<n
=a+ Z az? by rule (d)
1<j<n

=a+zx Z az? ™! by a very special case of (a)
1<j<n

=a+z Z az’ by rule (b) [see Eq. (6)]
0<j<n-1

=a+=z Z az’ —az™' by rule (d).
0<j<n

Comparing the first relation with the last, we have
(1-1) Z ar’ = a—az™t;
0<j<n
hence we obtain the basic formula
. 1— n+1
z azr’ = a(—*x—). (14)
- l—z
0<j<n
Example 4 (The sum of an arithmetic progression). Assume that n > 0. Then
a+ (a+b) + -+ + (a + nb)
= ) (a+bj) by definition (2)

0<j<n
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= Z (a+b(n 7)) by rule (b)
0<n—j<n

= Z (a + bn — bj) by simplification
0<j<n

= Y (2a+bn)— > (a+bj)  byEq. (8)
0<i<n 0<j<n

=(n+1)(2a+bn) - Y (a+bj),

0<j<n

since the first sum simply adds together (n + 1) terms that do not depend on j.
Now by equating the first and last expressions and dividing by 2, we obtain

> (a+bj)=a(n+1)+ tbn(n+1). (15)

0<j<n

This is 7 + 1 times 3 (a + (a + bn)), which can be understood as the number of
terms times the average of the first and last terms.

Notice that we have derived the important equations (13), (14), and (15)
purely by using simple manipulations of sums. Most textbooks would simply
state those formulas, and prove them by induction. Induction is, of course, a
perfectly valid procedure; but it does not give any insight into how on earth
a person would ever have dreamed the formula up in the first place, except by
some lucky guess. In the analysis of algorithms we are confronted with hundreds
of sums that do not conform to any apparent pattern; by manipulating those
sums, as above, we can often get the answer without the need for ingenious

guesses.
Many manipulations of sums and other formulas become considerably sim-
pler if we adopt the following bracket notation:

1, if the statement is true;
0, if the statement is false.

(16)

[statement] = {

Then we can write, for example,
d_a = o [RG)], (17)
R(j) J

where the sum on the right is over all integers j, because the terms of that

infinite sum are zero when R(j) is false. (We assume that a; is defined for all j.)
With bracket notation we can derive rule (b) from rules (a) and (c) in an

interesting way:
Y. a) =D i) [RR())]

R(p(5)) J

-y > ai[R®][i =r()]
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=3 [R&)] D i =p0)]- (18)
i J

The remaining sum on j is equal to 1 when R(7) is true, if we assume that pis a

permutation of the range as required in (5); hence we are left with Y, a;[R()],

which is ZR(i) a;. This proves (5). If p is not a permutation of the range, (18)

tells us the true value of 3",y @p(j)-

The most famous special case of bracket notation is the so-called Kronecker
delta symbol,

o 1 ifi =g,
51‘]' = [Z:J] = {0, 1f275‘;, (19)

introduced by Leopold Kronecker in 1868. More general notations such as (16)
were introduced by K. E. Iverson in 1962; therefore (16) is often called Iverson’s
convention. [See D. E. Knuth, AMM 99 (1992), 403-422 ]

There is a notation for products, analogous to our notation for sums: The

symbols
[1a (20)
R(j)
stand for the product of all a; for which the integer j satisfies R(j). If no such
integer j exists, the product is defined to have the value 1 (not 0).

Operations (b), (c), and (d) are valid for the []-notation as well as for the
> -notation, with suitable simple modifications. The exercises at the end of this
section give a number of examples of product notation in use.

We conclude this section by mentioning another notation for multiple sum-
mation that is often convenient: A single > -sign may be used with one or
more relations in several index variables, meaning that the sum is taken over all
combinations of variables that meet the conditions. For example,

E E a;j; = E Qij, E E aij; = E Qij.
0<i<n 0<j<n 0<i,j<n 0<i<n 0<j<i 0<j<i<n

This notation gives no preference to one index of summation over any other, so
it allows us to derive (10) in a new way:

n i
SN e =Y aj1<i<nl1<i<n] = ay[1<j<n]lj<i<n]
i=1 j=1 ij 47
n n
=22 o
i=1i=j
using the fact that [1<i<n}[1<j<i]=[1<j<i<n]=[1<j<n][j<i<n].
The more general equation (g) follows in a similar way from the identity

[R®] [S(i,5)] = [R(:) and S(i,5)] = [S"()] [R'(0,4)] - (21)
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A further example that demonstrates the usefulness of summation with

several indices is
Y @ (22)

q1+-tin=n
J1Z-23in20

where a is an n-tuply subseripted variable; for example, if n = 5 this notation
stands for

aini + @21110 + @22100 + @31100 + 32000 + @41000 + A50000-

(See the remarks on partitions of a number in Section 1.2.1.)

EXERCISES —First Set
1. [01] What does the notation 3, ; <, a; mean, if n = 3.147
2. [10] Without using the  -notation, write out the equivalent of

1
Z n+1’

0<n<5

and also the equivalent of
1
z on2 +1°
0<n2<5

» 3. [13] Explain why the two results of the previous exercise are different, in spite of
rule (b).

4. [10] Without using the > -notation, write out the equivalent of each side of
Eq. (10) as a sum of sums for the case n = 3.

» 5. [HM20] Prove that rule (a) is valid for arbitrary infinite series, provided that the
series converge.

6. [HM20] Prove that rule (d) is valid for an arbitrary infinite series, provided that
any three of the four sums exist.

7. [HM23] Given that c is an integer, show that 3 gy a; = Y g(._;) Ge—j, even if
both series are infinite.

8. [HM25] Find an example of infinite series in which Eq. (7) is false.
> 9. [05] Is the derivation of Eq. (14) valid even if n = —17
10. [05] Is the derivation of Eq. (14) valid even if n = —27
11. [08] What should the right-hand side of Eq. (14) be if z = 17
12. [10] Whatis 1+ 2+ 5 + 55+ +(3)"?
18. [10] Using Eq. (15) and assuming that m < n, evaluate 3°7_  j.
14. [11] Using the result of the previous exercise, evaluate 3.7 >~7_  jk.

» 15. [M22] Compute the sum 1x242x 22 43 x 2% +..-+n2" for small values of n. Do
you see the pattern developing in these numbers? If not, discover it by manipulations
similar to those leading up to Eq. (14).
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16. [M22] Prove that

Z i o nz"P?—(n+ 1) 4x

Jr = (LIJ _ 1)2 )
if z # 1, without using mathematical induction.

» 17. [MOO] Let S be a set of integers. What is 37,517

18. [M20] Show how to interchange the order of summation as in Eq. (g9) given that
R(i) is the relation “n is a multiple of i” and S(i, ) is the relation “1 < j <i.”

19. [20] What is Z;.l:m(aj — aj_l)?

» 20. [25] Dr. I. J. Matrix has observed a remarkable sequence of formulas:

9x1+42=11 9x12+3=111,9 x 123 +4 = 1111, 9 x 1234 + 5 = 11111.

a) Write the good doctor’s great discovery in terms of the > -notation.

b) Your answer to part (a) undoubtedly involves the number 10 as base of the decimal
system; generalize this formula so that you get a formula that will perhaps work
in any base b.

c) Prove your formula from part (b) by using formulas derived in the text or in
exercise 16 above.

v

21. [M25] Derive rule (d) from rule (a), using the bracket notation (16).

v

22. [20] State the appropriate analogs of Egs. (5), (7), (8), and (11) for products
instead of sums.

23. [10] Explain why it is a good idea to define 3" p /s a; and []g; a; as zero and
one, respectively, when no integers satisfy R(j).

24. [20] Suppose that R(j) is true for only finitely many j. By induction on the
number of integers satisfying R(j), prove that log, [[ ;) @5 = 3 g(;)(logs a;), assuming
that all a; > 0.

» 25. [15] Consider the following derivation; is anything amiss?

Sa)(52)-F T E-T P E-Yiee
(=)(52) ,

1<i<n 1<5<n 1<i<n 1<i<n
26. [25] Show that []L_, H;=0 a;a; may be expressed in terms of []-_, a; by manip-
ulating the [[-notation as stated in exercise 22.

27. [M20] Generalize the result of exercise 1.2.1-9 by proving that

[Ta-a)=1->"a;,
j=1 j=1

assuming that 0 < a; < 1.
28. [M22] Find a simple formula for JT7_, (1 — 1/7%).
» 29. [M30] (a) Express .., Z;;O 37 _o @ia;ai in terms of the multiple-sum notation

explained at the end of the section. (b) Express the same sum in terms of > 7 ai,
n 2 n 3
i=0 @i, and 377 o a; [see Eq. (13)].
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» 30. [M23] (J. Binet, 1812.) Without using induction, prove the identity

(i aaiva) (ibjy,) = (_Xn:ajyj) (Xn: b,-x,—) + ) (aibe —aib))(@yk — Tiy;)-

1<j<k<n

[An important special case arises when w1, ..., wn, 21, ..., 2Zn are arbitrary complex
numbers and we set a; = wj, b; = Z;, T; = W;, y; = 25!

n n n
2 2
(Z |w;| )(Z|Za| ) =Y wiz
j=1 7=1 j=1
The terms |w;Z, — wﬁ,-\g are nonnegative, so the famous Cauchy-Schwarz inequality

(]_z:;w) (gu) > ;wﬂj

is a consequence of Binet’s formula.]

2
= =12
+ |’LUjZk —wijl .
1<j<k<n

2

31. [M20] Use Binet’s formula to express the sum Yi<i<ken(Us — uk)(v; — vk) in
terms of 357, u;v;, 357 uy, and 307, vj.
32. [M20] Prove that

n

m
I I Zﬂij = Z Qigl ... Qiyn.

j=1 i=1 1<iy,...,in<m

» 33. [M30] One evening Dr. Matrix discovered some formulas that might even be
classed as more remarkable than those of exercise 20:

1 N 1 N 1 _o
@-Ba—0 t-al-0 (c-al—b
a b c
= 0’
@-B@—0 G-a6-0  (c—alc—b)
2 2 2
a n b " c -1,
@ba-0 t-ab-0 (-al-b
a® b e
(a—b)(a—r¢) + (b—a)(b—c) + (c—a)(c—b) =a+tbte
Prove that these formulas are a special case of a general law; let z1,2,...,T, be

distinct numbers, and show that

0, f0<r<n—1;

Z(“”;/ II (wj—xk)>= L ifr=n-1
j=1 15;;57; %, ifr=n.
k#J

34. [M25] Prove that

" Jlicrgn, rgm (@ +E—7)

3

k=1 ngrgn, r;é)c(k —-r)
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provided that 1 < m < n and z is arbitrary. For example, if n = 4 and m = 2, then

z(z—2)(z—3) , (z+1)(e—1(z—2) , (z+ 2)z(z—1) + (z +3)(x+ 1)z
(=1)(=2)(=3) (O(=1)(-2) @MW1 3)@)1)

35. [HM20] The notation supp;,a; is used to denote the least upper bound of the
elements a;, in a manner exactly analogous to the } - and []-notations. (When R(j)
is satisfied for only finitely many j, the notation maxg(j) a; is often used to denote the
same quantity.) Show how rules (a), (b), (¢), and (d) can be adapted for manipulation
of this notation. In particular discuss the following analog of rule (a):

=1

(supg(;) i) + (supg(; b)) = SUPR(i)(SUPs(j)(ai +b5)),

and give a suitable definition for the notation when R(j) is satisfied for no j.

EXERCISES — Second Set

Determinants and matrices. The following interesting problems are for the reader
who has experienced at least an introduction to determinants and elementary matrix
theory. A determinant may be evaluated by astutely combining the operations of: (a)
factoring a quantity out of a row or column; (b) adding a multiple of one row (or
column) to another row (or column); (¢) expanding by cofactors. The simplest and
most often used version of operation (c) is to simply delete the entire first row and
column, provided that the element in the upper left corner is +1 and the remaining
elements in either the entire first row or the entire first column are zero; then evaluate
the resulting smaller determinant. In general, the cofactor of an element a;; in an
n x n determinant is (—1)**7 times the (n — 1) x (n — 1) determinant obtained by
deleting the row and column in which a;; appeared. The value of a determinant is
equal to 3 aij - cofactor(as;;) summed with either ¢ or j held constant and with the
other subscript varying from 1 to n.

If (bi;) is the inverse of matrix (as;), then b;; equals the cofactor of aji (not aij),
divided by the determinant of the whole matrix.

The following types of matrices are of special importance:

Vandermonde’s matriz, Combinatorial matriz,
ai; = l‘; ai; =Y + 51']'.’1}
T1 T2 ... Tn T+y Y . Y
x% x% . acﬁ Y Tty ... Y
7 2§ ... o} y y .. THy

Cauchy’s matriz,

aij = 1/(zi +yi)
(@1 +y) /(@1 +y2) ... 1/(z1+yn)
(xe+y1) 1/(z2+y2) ... 1/(z2+yn)

V(@n+1) 1/(xn+y2) ..o 1/(Tn+yn)
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36. [M23] Show that the determinant of the combinatorial matrix is 2™~ !(z + ny).
» 37. [M24] Show that the determinant of Vandermonde’s matrix is

H z; H (z; — ).

1<5<n 1<i<j<n

» 38. [M25] Show that the determinant of Cauchy’s matrix is

II (wa‘—xi)(yﬁ—yi)/ II @i+

1<i<j<n 1<i,j<n

39. [M23] Show that the inverse of a combinatorial matrix is a combinatorial matrix
with the entries b;; = (—y + 8i;(z + ny))/z(z + ny).

40. [M24] Show that the inverse of Vandermonde’s matrix is given by

bij = Z (—1)j—1mk1 e mkn_j Tq H (:L‘k - (L’i).
1<k1< - <kn.j<n 1<k<n
k1o hn j #i ki
Don’t be dismayed by the complicated sum in the numerator — it is just the coefficient
of ¢/~ in the polynomial (z1 — z)... (zn — )/{z: — T).

41. [M26] Show that the inverse of Cauchy’s matrix is given by

bij = ( I @+ k) +yi)> /(ﬂ»‘j +y,-)< II @ —xk)>< II @ —yk))

1<k<n 1<k<n 1<k<n
k#j ki

42. [M18] What is the sum of all n® elements in the inverse of the combinatorial
matrix?

43. [M24] What is the sum of all n* elements in the inverse of Vandermonde’s matrix?
[Hint: Use exercise 33.]

» 44. [M26] What is the sum of all n? elements in the inverse of Cauchy’s matrix?

45. [M25] A Hilbert matrir, sometimes called an n X n segment of the (infinite) Hilbert
matrix, is a matrix for which ai; = 1/(¢ +  — 1). Show that this is a special case of
Cauchy’s matrix, find its inverse, show that each element of the inverse is an integer,
and show that the sum of all elements of the inverse is n®. (Note: Hilbert matrices
have often been used to test various matrix manipulation algorithms, because they
are numerically unstable, and they have known inverses. However, it is a mistake
to compare the known inverse, given in this exercise, to the computed inverse of a
Hilbert matrix, since the matrix to be inverted must be expressed in rounded numbers
beforehand; the inverse of an approximate Hilbert matrix will be somewhat different
from the inverse of an exact one, due to the instability present. Since the elements
of the inverse are integers, and since the inverse matrix is just as unstable as the
original, the inverse can be specified exactly, and one could try to invert the inverse.
The integers that appear in the inverse are, however, quite large.) The solution to
this problem requires an elementary knowledge of factorials and binomial coefficients,
which are discussed in Sections 1.2.5 and 1.2.6.

v

» 46. [M30] Let A be an m x n matrix, and let B be an n x m matrix. Given that
1< g1,72,--,5m < m, let Aj j,..5, denote the m X m matrix consisting of columns
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Jis...,Jm of A, and let Bj,j,.. j,, denote the m X m matrix consisting of rows ji,...,jm
of B. Prove the Binet—-Cauchy identity
det (AB) = > det (Aj1j5..5m ) det (Bjijz...m)-

1<j1<j2< - <jm<n
(Note the special cases: (i) m =n, (i) m = 1, (iii) B = AT, (iv) m>n, (v) m =2.)
47. [M27] (C. Krattenthaler.) Prove that
((m +@)(z+gs) (z+pi)(z+as) (z+pi)(z +P2)>
det

(y+a2)(y+as) (y+p)(y+ags) (y+p)(y+p2)
(z+@)(z+g) (z+p)(z+a) (z2+p1){z+p2)

=(z —y){z — 2)(y — 2)(p1 — g2)(P1 ~ @3)(P2 — @3),

and generalize this equation to an identity for an n x n determinant in 3n — 2 variables
Tly.vvy Tny Ply -« -3 Pr—1, G2, - - -, @n. Compare your formula to the result of exercise 38.

1.2.4. Integer Functions and Elementary Number Theory

If z is any real number, we write

|z] = the greatest integer less than or equal to = (the floor of x);
[z] = the least integer greater than or equal to z (the ceiling of x).
The notation [z] was often used before 1970 for one or the other of these functions,
usually the former; but the notations above, introduced by K. E. Iverson in the
1960s, are more useful, because both |z| and [z] occur about equally often in
practice. The function |z] is sometimes called the entier function, from the
French word for “integer.”
The following formulas and examples are easily verified:
1 1 1
[\@J =1, [\/—ﬂ =2, |_+§J =0, [—5] =0, “_ij = —1 (not zero!);
[z] = |z] if and only if z is an integer,
[z] = |z] +1 if and only if z is not an integer;
l—z]=—[z]; z-1<|z|]<z<[z]<z+1
Exercises at the end of this section list other important formulas involving the
floor and ceiling operations.

If z and y are any real numbers, we define the following binary operation:

zmody =z —y|z/y|, ify#0; zmod 0 = z. (1)
From this definition we can see that, when y # 0,
OSE_FJJ_HI&Q, (2)
y Y y

Consequently
a) ify > 0, then 0 < zmody < y;
b) if y < 0, then 0 > z mody > y;
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¢) the quantity z — (z mod y) is an integral multiple of y.

We call 2 mod y the remainder when z is divided by y; similarly, we call [z/y]
the quotient.
When z and y are integers, “mod” is therefore a familiar operation:

5mod3=2,. 18mod3 =0, —2mod 3 = 1. (3)

We have z mod y = 0 if and only if z is a multiple of y, that is, if and only if z is
divisible by y. The notation y\z, read “y divides z,” means that y is a positive
integer and z mody = 0.

The “mod” operation is useful also when = and y take arbitrary real values.
For example, with trigonometric functions we can write

tanz = tan (¢ mod 7).
The quantity z mod 1 is the fractional part of z; we have, by Eq. (1),
z = |z] + (z mod 1). (1)

Writers on number theory often use the abbreviation “mod” in a different
but closely related sense. We will use the following form to express the number-
theoretical concept of congruence: The statement

z =y (modulo z) (5)

means that £ mod z = y mod z; it is the same as saying that z — y is an integral
multiple of z. Expression () is read, “z is congruent to y modulo 2.”

Let’s turn now to the basic elementary properties of congruences that will
be used in the number-theoretical arguments of this book. All variables in the
following formulas are assumed to be integers. Two integers z and y are said
to be relatively prime if they have no common factor, that is, if their greatest
common divisor is 1; in such a case we write z L y. The concept of relatively
prime integers is a familiar one, since it is customary to say that a fraction is in
“lowest terms” when the numerator is relatively prime to the denominator.

Law A. Ifa=band z =y, then a3+ z = b £ y and az = by (modulo m),
Law B. If ax = by and a = b, and if a L m, then z = y (modulo m).
Law C. a = b (modulo m) if and only if an = bn (modulo mn), when n # 0.

Law D. If r L s, then a = b (modulo rs) if and only if a = b (modulo r) and
a = b (modulo s).

Law A states that we can do addition, subtraction, and multiplication
modulo m just as we do ordinary addition, subtraction, and multiplication.
Law B considers the operation of division and shows that, when the divisor
is relatively prime to the modulus, we can also divide out common factors. Laws
C and D consider what happens when the modulus is changed. These laws are
proved in the exercises below.

The following important theorem is a consequence of Laws A and B.
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Theorem F (Fermat’s theorem, 1640). If p is a prime number, then a? = a
(modulo p) for all integers a.

Proof. If a is a multiple of p, obviously a? = 0 = a (modulo p). So we need
only consider the case a mod p # 0. Since p is a prime number, this means that
a L p. Consider the numbers

Omodp, aemodp, 2amodp, ..., (p—1)amodp. (6)

These p numbers are all distinct, for if ax mod p = ay mod p, then by defini-
tion (5) az = ay (modulo p); hence by Law B, z = y (modulo p).
Since (6) gives p distinct numbers, all nonnegative and less than p, we see

that the first number is zero and the rest are the integers 1, 2, ..., p— 1 in some
order. Therefore by Law A,
(@)(2a) ... (p—1a)=1-2... (p—1) (modulo p). (7
Multiplying each side of this congruence by a, we obtain
a?(1-2...(p—1))=a(l-2... (p—1)) (modulo p); (8)
and this proves the theorem, since each of the factors 1, 2, ..., p—1 is relatively

prime to p and can be canceled by Law B. 1

EXERCISES
1. [00] What are |1.1], |[—1.1], [—1.1], |0.99999], and |lg35]?
> 2. [01] Whatis [|z]]?
3. [M10] Let n be an integer, and let z be a real number. Prove that
a) |z] < nif and only if z < n; b) n < |z] if and only if n < z;
c) [z] < nif and only if ¢ < n; d) n < [z] if and only if n < z;
e) lzg] =nifandonlyifz-1<n<z,andifandonlyifn <z <n+1;
f) [z] =nifandonlyifz<n<z+1l,andifandonlyifn— 1<z < n.

[These formulas are the most important tools for proving facts about |z| and [z].]
» 4. [M10] Using the previous exercise, prove that |~z| = —[z].

5. [16] Given that  is a positive real number, state a simple formula that expresses
z rounded to the nearest integer. The desired rounding rule is to produce |z| when
zmod 1 < %, and to produce [z] when zmod 1 > ;. Your answer should be a single
formula that covers both cases. Discuss the rounding that would be obtained by your
formula when z is negative.

> 6. [20] Which of the following equations are true for all positive real numbers z?
@) W=l =z ] () [VTz]] = Vel (o) [VIe] ] = [vz].

7. [M15] Show that |z] + |y] < |z + y] and that equality holds if and only if
zmod 1+ ymod1 < 1. Does a similar formula hold for ceilings?

8. [00] What are 100 mod 3, 100 mod 7, —100 mod 7, —100 mod 0?
9. [05] What are 5 mod —3, 18 mod —3, —2 mod —3?
» 10. [10] What are 1.1 mod 1, 0.11 mod .1, 0.11 mod —.1?

11. [00] What does “z =y (modulo 0)” mean by our conventions?
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12. [00] What integers are relatively prime to 17

13. [M00] By convention, we say that the greatest common divisor of 0 and n is |n|.
What integers are relatively prime to 07

14. [12] If z mod 3 =2 and ¢ mod 5 = 3, what is  mod 157

15. [10] Prove that z(z mod y) = (2z) mod (zy). [Law C is an immediate consequence
of this distributive law.]

16. [M10] Assume that y > 0. Show that if (x — z)/y is an integer and if 0 < z < y,
then z = x mod y.

17. [M15] Prove Law A directly from the definition of congruence, and also prove half
of Law D: If a = b (modulo rs), then a = b (modulo ) and a = b (modulo s). (Here r
and s are arbitrary integers.)

18. [M15] Using Law B, prove the other half of Law D: If a = b (modulo r) and a = b
(modulo s), then a = b (modulo rs), provided that r L s.

19. [M10] (Law of inverses.) If n L m, there is an integer n’ such that nn’ = 1
(modulo m). Prove this, using the extension of Euclid’s algorithm (Algorithm 1.2.1E).

20. [M15] Use the law of inverses and Law A to prove Law B.

21. [M22] (Fundamental theorem of arithmetic.) Use Law B and exercise 1.2.1-5 to
prove that every integer n > 1 has a unigue representation as a product of primes
(except for the order of the factors. In other words, show that there is exactly one way
to write n = p1p; ... pk, where each p; is prime and p1 < p2 <+ < pi.

22. [M10] Give an example to show that Law B is not always true if a is not relatively
prime to m.

23. [M10] Give an example to show that Law D is not always true if r is not relatively
prime to s.

24. [M20] To what extent can Laws A, B, C, and D be generalized to apply to
arbitrary real numbers instead of integers?

25. [M02] Show that, according to Theorem F, a? ' modp = [a is not a multiple
of p], whenever p is a prime number.

26. [M15] Let p be an odd prime number, let a be any integer, and let b = a(P~1)/2,
Show that bmod p is either 0 or 1 or p — 1. [Hint: Consider (b+ 1)(b— 1).]

27. [M15] Given that n is a positive integer, let p(n) be the number of values among
{0,1,...,n — 1} that are relatively prime to n. Thus ¢(1) =1, p(2) = 1, ¢(3) = 2,
©(4) = 2, etc. Show that ¢(p) = p — 1 if p is a prime number; and evaluate o(p¢),
when e is a positive integer.

28. [M25] Show that the method used to prove Theorem F can be used to prove the
following extension, called Euler’s theorem: a®‘™ =1 (modulo m), for any positive
integer m, when o | m. (In particular, the number n’ in exercise 19 may be taken to
be n?™ 1 mod m.)

29. [M22] A function f(n) of positive integers n is called multiplicative if f(rs) =
f(r)f(s) whenever r 1 s. Show that each of the following functions is multiplicative:
(a) f(n) = n°, where c is any constant; (b) f(n) = [n is not divisible by k* for any
integer k > 1J; (c) f(n) = c*, where k is the number of distinct primes that divide n;
(d) the product of any two multiplicative functions.
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30. [M30] Prove that the function ¢(n) of exercise 27 is multiplicative. Using this
fact, evaluate ¢(1000000), and give a method for evaluating ¢(n) in a simple way once
n has been factored into primes.

31. [M22] Prove that if f(n) is multiplicative, so is g(n) = 3=, ,, f(d).
32. [M18] Prove the double-summation identity
> 2 fed =3 3 flecd,
d\n c\d c\n d\(n/c)
for any function f(z,y).
33. [M18] Given that m and n are integers, evaluate (a) | 3(n + m)|+|3(n —m+ 1)];
(b) [3(n+m)] 4+ [3(n —m+1)]. (The special case m = 0 is worth noting.)
34. [M21] What conditions on the real number b > 1 are necessary and sufficient to
guarantee that |log, z| = |log, |z] | for all real z > 17

35. [M20] Given that m and n are integers and n > 0, prove that

L@ +m)/n]| = |(lz] +m)/n]

for all real z. (When m = 0, we have an important special case.) Does an analogous
result hold for the ceiling function?

36. [M23] Prove that 3.7 _, |k/2] = |n*/4]; also evaluate S"7_, [k/2].
37. [M30] Let m and n be integers, n > 0. Show that

- ~1 -
> |mhre| -t temD 82y ale,

n 2 2
0<k<n

where d is the greatest common divisor of m and n, and « is any real number.
38. [M26] (E. Busche, 1909.) Prove that, for all real z and y with y > 0,

> o+ 2] =lov+ Lo+ 211 - 0

0<k<y

In particular, when y is a positive integer n, we have the important formula
} = |nz].

39. [HM35] A function f for which f(z) + f(z + %) + - + f(z + 22) = f(na),
whenever n is a positive integer, is called a replicative function. The previous exercise
establishes the fact that |z| is replicative. Show that the following functions are
replicative:

a) f(z) ==z~ %

b) f(z) = [z is an integer];

c) f(z) = [z is a positive integer];

d) f(x) = [there exists a rational number r and an integer m such that ¢ =rx+m];

e) three other functions like the one in (d), with r and/or m restricted to positive

values;

f) f(z) = log|2sinwx|, if the value f(z) = —o0 is allowed;

g) the sum of any two replicative functions;

h) a constant multiple of a replicative function;

i) the function g(z) = f(z — |z]), where f(z) is replicative.

n—1

LxJ+[m+%}+~--+[m+

n
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40. [HM46] Study the class of replicative functions; determine all replicative functions
of a special type. For example, is the function in (a) of exercise 39 the only continuous
replicative function? It may be interesting to study also the more general class of
functions for which

f(a:)—l—f(a:—l:;li) +-'-+f<x+n—;—l) = an f(nz) + bn.

Here a,, and b, are numbers that depend on n but not on z. Derivatives and (if b, = 0)
integrals of these functions are of the same type. If we require that b, = 0, we have,
for example, the Bernoulli polynomials, the trigonometric functions cot 7z and csc’ra,
as well as Hurwitz's generalized zeta function ((s,%) = Y ,5,1/(k + )° for fixed s.
With b, # 0 we have still other well-known functions, such as the psi function.

41. [M23] Let ai, az, a3, ... be the sequence 1, 2, 2, 3, 3, 3, 4, 4, 4,4, ...; find an
expression for a, in terms of n, using the floor and/or ceiling function.

42. [M24] (a) Prove that

n—1

Zak =na, — Zk(ak+1 - ag), ifn>0.
k=1

k=1

(b) The preceding formula is useful for evaluating certain sums involving the floor
function. Prove that, if b is an integer > 2,

ogy k| =(n+1)logyn] — - - 1).
S llog, k| = (n+ 1) llogy n] — (8122 ™1~ b) /(b ~ 1)

43. [M23] Evaluate S 7_, |Vk |
44. [M24] Show that 3,50 < o, [(n + 76%)/6**!| = n, if b and n are integers,
n > 0, and b > 2. What is the value of this sum when n < 07

> 45. [M28] The result of exercise 37 is somewhat surprising, since it implies that

Z lmkn+xJ= Z [nk;mj'

0<k<n 0<k<m

This “reciprocity relationship” is one of many similar formulas (see Section 3.3.3). Show
that for any function f, we have

O;Hf (L%J) = Og;m (2] (£ = 1) = £(r) + nf(m = 1).
In particular—, prove that i
O;n (Lmj/:J + 1) +Og<:m [%1 (kil) —n (’:)

[Hint: Consider the change of variable r = |mj/n|. Binomial coeficients (7) are
discussed in Section 1.2.6.]

46. [M29] (General reciprocity law.) Extend the formula of exercise 45 to obtain an
expression for Yo, .., f(Lmij/n]), where  is any positive real number.
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» 47. [M31] When p is an odd prime number, the Legendre symbol (%) is defined to
be +1, 0, or -1, depending on whether ¢®~1/2mod p is 1, 0, or p — 1. (Exercise 26
proves that these are the only possible values.)

a) Given that g is not a multiple of p, show that the numbers
(——1)L2’°‘1/PJ (2kg mod p), 0<k<p/2

are congruent in some order to the numbers 2, 4, ..., p — 1 (modulo p). Hence

(%) = (-1)° where o = Zosk<p/2|_2kq/pj.

b) Use the result of (a) to calculate (%)

c) Given that g is odd, show that 35, . 212ka/p] = 3 <k, 2ka/p] (modulo 2).
[Hint: Consider the quantity |(p — 1 — 2k)q/p].]

d) Use the general reciprocity formula of exercise 46 to obtain the law of gquadratic
reciprocity, (%) ({7’) = (—1)®~DW=D/4 given that p and q are distinct odd primes.

48. [M26] Prove or disprove the following identities, for integers m and n:

(@) {m-&-:—l}:l‘%"; (b) [n+2—3[n/25JJ=[8n2—;24}.

49. [M30] Suppose the function f(z) satisfies the two laws (i) f(z + 1) = f(z) + 1;
(ii) f(z) = f(f(nx)/n) for all positive integers n. Prove that either f(z) = |z] for all
rational z, or f(z) = [z] for all rational z.

1.2.5. Permutations and Factorials

A permutation of n objects is an arrangement of n distinct objects in a row.
There are six permutations of three objects {a, b,c}:

abe, ach, bac, bca, cab, cha. (1)

The properties of permutations are of great importance in the analysis of
algorithms, and we will deduce many interesting facts about them later in this
book.* Our first task is simply to count them: How many permutations of n
objects are possible? There are n ways to choose the leftmost object, and once
this choice has been made there are n — 1 ways to select a different object to place
next to it; this gives us n(n — 1) choices for the first two positions. Similarly, we
find that there are n — 2 choices for the third object distinct from the first two,
and a total of n(n — 1)(n — 2) possible ways to choose the first three objects. In
general, if p,; denotes the number of ways to choose k£ objects out of n and to
arrange them in a row, we see that

Prk=n(n—1)...(n—k+1). (2)

The total number of permutations is therefore p,n = n(n —1) ... (1).
The process of constructing all permutations of n objects in an inductive
manner, assuming that all permutations of n — 1 objects have been constructed,

* In fact, permutations are so important, Vaughan Pratt has suggested calling them
“perms.” As soon as Pratt’s convention is established, textbooks of computer science will
be somewhat shorter (and perhaps less expensive).
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is very important in our applications. Let us rewrite (1) using the numbers
{1,2,3} instead of the letters {a,b, c}; the permutations are then

123, 132, 213, 231, 312, 321 (3)
Consider how to get from this array to the permutations of {1,2,3,4}. There
are two principal ways to go from n — 1 objects to n objects.
Method 1. For each permutation ajaz ... an—1 of {1,2,...,n—1}, form n
others by inserting the number n in all possible places, obtaining
nayayz ... ap1, anay ... ap—1, ey aaz ... Nap-1, aijag ... aAp—-1".

For example, from the permutation 23 1 in (3), we get 4231,2431,2341,
2 31 4. It is clear that all permutations of n objects are obtained in this manner
and that no permutation is obtained more than once.

Method 2. For each permutation ajaz ... an—1 of {1,2,...,n—1}, form n
others as follows: First construct the array

alag...an_lé, alag...an_lg, ceey alaz...an_l(n—%).
Then rename the elements of each permutation using the numbers {1,2,...,n},

preserving order. For example, from the permutation 2 3 1 in (3) we get
: 7
2313, 2313, 2313, 2317
and, renaming, we get
3421, 3412, 2413, 2314.

Another way to describe this process is to take the permutation ajaz ... a,-1
and a number k£, 1 < k < n; add one to each a; whose value is > k, thus
obtaining a permutation b1b; ...b,—1 of the elements {1,...,k—1,k+1,...,n};
then biby ...b,_1k is a permutation of {1,...,n}.

Again it is clear that we obtain each permutation of n elements exactly once
by this construction. Putting k at the left instead of the right, or putting & in
any other fixed position, would obviously work just as well.

If p,, is the number of permutations of n objects, both of these methods show
that p, = np,_1; this offers us two further proofs that p, = n(n —1) ... (1), as
we already established in Eq. (2).

The important quantity p, is called n factorial and it is written

n
nl=1-2-...-n=[]* (4)
k=1
Our convention for vacuous products (Section 1.2.3) gives us the value
o=1, (5)
and with this convention the basic identity
nl=n-1ln (6)

is valid for all positive integers n.
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Factorials come up sufficiently often in computer work that the reader is
advised to memorize the values of the first few:

0l=1, 1U=1 2A=2 3'=6 4 =24 5 =120

The factorials increase very rapidly; for example, 1000! is an integer with over
2500 decimal digits.

It is helpful to keep the value 10! = 3,628,800 in mind; one should remember
that 10! is about 3% million. In a sense, this number represents an approximate
dividing line between things that are practical to compute and things that are
not. If an algorithm requires the testing of more than 10! cases, it may consume
too much computer time to be practical. On the other hand, if we decide to
test 10! cases and each case requires, say, one millisecond of computer time,
then the entire run will take about an hour. These comments are very vague, of
course, but they can be useful to give an intuitive idea of what is computationally
feasible.

It is only natural to wonder what relation n! bears to other quantities in
mathematics. Is there any way to tell how large 1000! is, without laboriously
carrying out the multiplications implied in Eq. (4)? The answer was found by
James Stirling in his famous work Methodus Differentialis (1730), page 137; we

have
n

' n
nl ~ 27m(e> . (7)
The “~" sign that appears here denotes “approximately equal,” and “e” is the
base of natural logarithms introduced in Section 1.2.2. We will prove Stirling's
approximation (7) in Section 1.2.11.2. Exercise 24 gives a simple proof of a less
precise result.

As an example of the use of this formula, we may compute

8
40320 = 8! ~ 4/7 (%) = 2% /me™® ~ 67108864- 1.77245- 0.00033546 ~ 39902.

In this case the error is about 1%; we will see later that the relative error is
approximately 1/(12n).

In addition to the approximate value given by Eq. (7), we can also rather
easily obtain the exact value of n! factored into primes. In fact, the prime p is a
divisor of n! with the multiplicity

SR RIS v

k>0

For example, if n = 1000 and p = 3, we have
_ FOOOJ 4 [1000J n llOOOJ + llOOOJ + LIOOOJ 4 FOOOJ
F=173 9 27 81 243 729

=333+ 111437+ 124+ 4+ 1 = 498,

so 1000! is divisible by 3%°% but not by 3%%°. Although formula (8) is written as an
infinite sum, it is really finite for any particular values of n and p, because all of
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the terms are eventually zero. It follows from exercise 1.2.4-35 that |n/pF*!| =
| ln/p*|/p|; this fact facilitates the calculation in Eq. (8), since we can just
divide the value of the previous term by p and discard the remainder.

Eq. (8) follows from the fact that |n/p*| is the number of integers among
{1,2,...,n} that are multiples of p*. If we study the integers in the product
(4), any integer that is divisible by p? but not by p/*! is counted exactly j
times: once in |n/p|, once in [n/p?], ..., once in |n/p7]. This accounts for all
occurrences of p as a factor of n!.

Another natural question arises: Now that we have defined n! for non-
negative integers n, perhaps the factorial function is meaningful also for rational
values of n, and even for real values. What is (3)!, for example? Let us illustrate
this point by introducing the “termial” function

n?=1+2+--+n=>» k, (9)
k=1

which is analogous to the factorial function except that we are adding instead
of multiplying. We already know the sum of this arithmetic progression from
Eq. 1.2.3—(15):

= in(n+ 1). (10)

This suggests a good way to generalize the “termial” function to arbitrary n,
by using (10) instead of (9). We have (3)? = 2.

Stirling himself made several attempts to generalize n! to noninteger n. He
extended the approximation (7) into an infinite sum, but unfortunately the sum
did not converge for any value of n; his method gave extremely good approxi-
mations, but it couldn’t be extended to give an exact value. [For a discussion
of this somewhat unusual situation, see K. Knopp, Theory and Application of
Infinite Series, 2nd ed. (Glasgow: Blackie, 1951), 518-520, 527, 534.]

Stirling tried again, by noticing that

n!:1+<1—1l!)n+(1—l+ 1)n(n—l)

+<1 1+l—l)'n('n—l)(n—?)+~~-. (11)
21 3!

(We will prove this formula in the next section.) The apparently infinite sum

in Eq. (11) is in reality finite for any nonnegative integer n; however, it does

not provide the desired generalization of n!, since the infinite sum does not exist

except when n is a nonnegative integer. (See exercise 16.)

Still undaunted, Stirling found a sequence a;, a, ... such that
Inn! =an+ann—1)+---= Zak.H H (n — j). (12)
k>0 0<j<k

He was unable to prove that this sum defined n! for all fractional values of n,
although he was able to deduce the value of (3)! = \/7/2.
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At about the same time, Leonhard Euler considered the same problem, and
he was the first to find the appropriate generalization:

m™m!
e i F D+ ). m)’ (1)

Euler communicated this idea in a letter to Christian Goldbach on October 13,
1729. His formula defines n! for any value of n except negative integers (when
the denominator becomes zero); in such cases n! is taken to be infinite. Exercises
8 and 22 explain why Eq. (13) is a reasonable definition.

Nearly two centuries later, in 1900, C. Hermite proved that Stirling’s idea
(12) actually does define n! successfully for nonintegers n, and that in fact Euler’s
and Stirling’s generalizations are identical.

Many notations were used for factorials in the early days. Euler actually
wrote [n], Gauss wrote IIn, and the symbols [n and n| were popular in England
and Italy. The notation n!, which is universally used today when n is an
integer, was introduced by a comparatively little known mathematician, Chris-
tian Kramp, in an algebra text [Elémens d’Arithmétique Universelle (Cologne:
1808)].

When n is not an integer, however, the notation n! is less common; instead
we customarily employ a notation due to A. M. Legendre:

n!=T(n+1) = nl'(n). (14)

n! =

This function I'(z) is called the gamma function, and by Eq. (13) we have the
definition

(15)

Llz) = z! . m*m!
(@) = T moo zz+D(z+2) ... (z+m)
A graph of I'(z) is shown in Fig. 7.

Equations (13) and (15) define factorials and the gamma function for com-
plex values as well as real values; but we generally use the letter z, instead of n
or x, when thinking of a variable that has both real and imaginary parts. The
factorial and gamma functions are related not only by the rule z! = I'(z + 1) but

also by
e

(=) (2) =

which holds whenever z is not an integer. (See exercise 23.)

Although I'(2) is infinite when z is zero or a negative integer, the function
1/T(2) is well defined for all complex z. (See exercise 1.2.7-24.) Advanced
applications of the gamma function often make use of an important contour
integral formula due to Hermann Hankel:

11 ?{et dt (a7)
[(z) 2ni tz 17
the path of complex integration starts at —oo, then circles the origin in a

counterclockwise direction and returns to —oo. [Zeitschrift fiir Math. und Physik
9 (1864), 1-21.]

(16)

sinwz’
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(4,6)

w s v O
t—]

LY x |21

'6-4-3-2-101234

Fig. 7. The function I'(z) = (z — 1)!. The local minimum at X has the coordinates
(1.46163 21449 68362 34126 26595, 0.88560 31944 10888 70027 88159).

Many formulas of discrete mathematics involve factorial-like products known
as factorial powers. The quantities ¥ and z* (read, “z to the k falling” and “z
to the k rising”) are defined as follows, when & is a positive integer:

k—1
m’—"=a:(a:—1)...(a:-k+1)=H(m—j); (18)
) k—1
mkzx(m+1)...(m+k—1)=H(m+j); (19)

Thus, for example, the number p,, of (2) is just n¥. Notice that we have

2 = @+k-1F = (-)F(-a)t. (20)
The general formulas
! i Llx+k)
rEr == T =)

can be used to define factorial powers for other values of k. [This notation z* is
due to A. Capelli, Giornale di Matematiche di Battaglini 31 (1893), 291-313.]

The interesting history of factorials from the time of Stirling to the present
day is traced in an article by P. J. Davis, “Leonhard Euler's integral: A historical
profile of the gamma function,” AMM 66 (1959), 849-869. See also J. Dutka,
Archive for History of Exact Sciences 31 (1984), 15-34.
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EXERCISES

1. [00] How many ways are there to shuffle a 52-card deck?

2. [10] In the notation of Eq. (2), show that p,(n-1) = pnn, and explain why this
happens.

3. [10] What permutations of {1, 2, 3, 4, 5} would be constructed from the permuta-
tion 3 12 4 using Methods 1 and 2, respectively?

4. [13] Given the fact that log,,1000! = 2567.60464 ..., determine exactly how
many decimal digits are present in the number 1000!. What is the most significant
digit? What is the least significant digit?

5. [15] Estimate 8! using the following more exact version of Stirling’s approxi-

mation:
nl ~ V2mn (E)n (1 + —1—)
o e 12n/°

6. [17] Using Eq. (8), write 20! as a product of prime factors.
7. [M10] Show that the “generalized termial” function in Eq. (10) satisfies the
identity 27 = « 4 (x — 1)? for all real numbers z.

8. [HM15] Show that the limit in Eq. (13) does equal n! when n is a nonnegative
integer.

9. [M10] Determine the values of '(3) and I'(—3), given that (1)! = /7 /2.

10. [HM20] Does the identity I'(z + 1) = zI'(z) hold for all real numbers z? (See
exercise 7.)

11. [M15] Let the representation of n in the binary system be n = 2°1 +2°2 4-...42°7,
where 1 > ez > -+ > e, > 0. Show that n! is divisible by 2"~" but not by 277"+,

12. [M22] (A. Legendre, 1808.) Generalizing the result of the previous exercise, let
p be a prime number, and let the representation of n in the p-ary number system be
n = agp® 4+ ar-19""' + -+ + a1p + ao. Express the number p of Eq. (8) in a simple
formula involving n, p, and a’s.

13. [M23] (Wilson’s theorem, actually due to Leibniz, 1682.) If p is prime, then
(p — 1)!modp = p — 1. Prove this, by pairing off numbers among {1,2,...,p — 1}
whose product modulo p is 1.

14. [M28] (L. Stickelberger, 1890.) In the notation of exercise 12, we can determine
n!mod p in terms of the p-ary representation, for any positive integer n, thus general-
izing Wilson’s theorem. In fact, prove that n!/p* = (—1)*ao¢!a1!... ax! (modulo p).
15. [HM15] The permanent of a square matrix is defined by the same expansion as
the determinant except that each term of the permanent is given a plus sign while the
determinant alternates between plus and minus. Thus the permanent of

a b ¢
d e f
g h 1
is aei + bfg + cdh + gec + hfa + idb. What is the permanent of
1x1 1x2 ... 1xn

2x1 2%x2 ... 2Xn )

nxl nx2 ... nxn
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16. [HM15] Show that the infinite sum in Eq. (11) does not converge unless n is a
nonnegative integer.

17. [HM20] Prove that the infinite product

(ntoa) ... (n+ o)
H (n+B1) ... (n+ Bx)

equals T(1+ 1) ... (14 8k)/T(14+ o) ... T(Q14aw),ifar 4+ +ar =01+ + B«
and if none of the 3’s is a negative integer.

18. [M20] Assume that 7/2=2.2.2.2.58.5.... (This is “Wallis’s product,”
obtained by J. Wallis in 1655, and we will prove it in exercise 1.2.6-43.) Using the
previous exercise, prove that (3)! = /7/2.

19. [HM22] Denote the quantity appearing after “limm, " in Eq. (15) by I'm(z).
Show that

m m 1
r,,,(x):/ (1—1) tm—ldtzm’/ (1—t)™="Vdt, ife> 0.
0 m 0

20. [HM21] Using the fact that 0 < e™* — (1 —t/m)™ < t?¢™/m, if 0 < t < m, and
the previous exercise, show that ['(z) = [ e "t* " dt, if z > 0.

1. [HM25] (L. F. A. Arbogast, 1800.) Let DXu represent the kth derivative of a
function u with respect to . The chain rule states that Dlw = Diw Dlu. If we apply
this to second derivatives, we find D2w = D2Zw(Du)? + Dlw D2u. Show that the
general formula is

n

1 _ J . 1 k1 n kn
Diw=3" S Div iyt gy (Do) - (DX

I=0 ey kgt k=)
k1+2ka+-+nknp=n
K1k, kn 20

22. [HM20] Try to put yourself in Euler’s place, looking for a way to generalize n!
to noninteger values of n. Since (n + 1)!/n! tlmes (n+ 3)+ )/ (n+ 3)! equals
(n+ 1)!/n! = n + 1, it seems natural that (n + 3)!/n! should be approximately \/n.
Similarly, (n+ 3)!/n! should be &~ ¥/n. Invent a hypothe51s about the ratio (n+ z)!/n!
as n approaches infinity. Is your hypothesis correct when « is an integer? Does it tell
anything about the appropriate value of z! when z is not an integer?

23. [HM20] Prove (16), given that 7z [[>> (1 — z%/n?) = sinnz.
24. [HM21] Prove the handy inequalities

n n+1
n n .
< nl < —, integer n > 1.

[Hint: 1+ < e” for all real z; hence (k + 1)/k < e'/* < k/(k—1)]

25. [M20] Do factorial powers satisfy a law analogous to the ordinary law of expo-

nents, " = ™ g™?

1.2.6. Binomial Coefficients

The combinations of n objects taken k at a time are the possible choices of
k different elements from a collection of n objects, disregarding order. The
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combinations of the five objects {a, b, ¢, d, e} taken three at a time are
abe, abd, abe, acd, ace, ade, bed, bce, bde, cde. (1)

It is a simple matter to count the total number of k-combinations of n objects:
Equation (2) of the previous section told us that there are n(n—1)...(n—k+1)
ways to choose the first k objects for a permutation; and every k-combination
appears exactly k! times in these arrangements, since each combination appears
in all its permutations. Therefore the number of combinations, which we denote

by (3), is

n nn-1)...(n—k+1)
(k) T kk-D..1) (2)

(5) =5-4-3=107
3 3-2-1

which is the number of combinations we found in (1).

The quantity (Z), read “n choose k,” is called a binomial coefficient; these
numbers have an extraordinary number of applications. They are probably the
most important quantities entering into the analysis of algorithms, so the reader
is urged to become familiar with them.

Equation (2) may be used to define (}) even when n is not an integer. To
be precise, we define the symbol (}) for all real numbers r and all integers k as
follows:

For example,

k k ]
- . - B 1-—
(r) _rr=De okt ) 2 g rElmdeser k>0

k Ek—-1)...(1) k' J

Jj=1

. (3)
( ) =0, integer k < 0.

In particular cases we have

G-t Q- (-5

Table 1 gives values of the binomial coefficients for small integer values of r
and k; the values for 0 < r < 4 should be memorized.

Binomial coefficients have a long and interesting history. Table 1 is called
“Pascal’s triangle” because it appeared in Blaise Pascal’s Traité du Triangle
Arithmétique in 1653. This treatise was significant because it was one of the first
works on probability theory, but Pascal did not invent the binomial coefficients
(which were well-known in Europe at that time). Table 1 also appeared in the
treatise Szu-yiian Yii-chien (“The Precious Mirror of the Four Elements”) by the
Chinese mathematician Shih-Chieh Chu in 1303, where they were said to be an
old invention. The earliest known detailed discussion of binomial coefficients is
in a tenth-century commentary, due to Halayudha, on an ancient Hindu classic,
Pingala’s Chandab-siitra. [See G. Chakravarti, Bull. Calcutta Math. Soc. 24
(1932), 79-88.] In about 1150 the Hindu mathematician Bhaskara Acharya gave
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Table 1

1.2.6

TABLE OF BINOMIAL COEFFICIENTS (PASCAL’S TRIANGLE)

r r r r r r r r r r
16 G G GGG 66 G 6
0 1 0 D 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0 0
2 1 2 1 0 0 0 0 0 0 0
3 1 3 3 1 0 0 0 0 0 0
4 1 4 6 4 1 0 0 0 0 0
5 1 5 10 10 5 1 0 0 0 0
6 1 6 15 20 15 6 1 0 0 0
7 1 7 21 35 35 21 7 1 0 0
8 1 8 28 56 70 56 28 8 1 0
9 1 9 36 84 126 126 84 36 9 1

a very clear exposition of binomial coefficients in
his book Lilavati, Section 6, Chapter 4. For small
values of k, they were known much earlier; they
appeared in Greek and Roman writings with a
geometric interpretation (see Fig. 8). The nota-
tion (;) was introduced by Andreas von Ettings-
hausen in his book Die combinatorische Analysis
(Vienna: 1826).

The reader has probably noticed several in-
teresting patterns in Table 1. Binomial coeffi-
cients satisfy literally thousands of identities, and
for centuries their amazing properties have been
continually explored. In fact, there are so many
relations present that when someone finds a new
identity, not many people get excited about it any
more, except the discoverer. In order to manip- > S
ulate the formulas that arise in the analysis of t2tion of ("37)
algorithms, a facility for handling binomial coefficients is a must, and so an
attempt has been made in this section to explain in a simple way how to
maneuver with these numbers. Mark Twain once tried to reduce all jokes to
a dozen or so primitive kinds (farmer’s daughter, mother-in-law, etc.); we will
try to condense the thousands of identities into a small set of basic operations
with which we can solve nearly every problem involving binomial coefficients
that we will meet.

In most applications, both of the numbers r and k that appear in (}) will
be integers, and some of the techniques we will describe are applicable only in
such cases. Therefore we will be careful to list, at the right of each numbered
equation, any restrictions on the variables that appear. For example, Eq. (3)
mentions the requirement that k is an integer; there is no restriction on r. The
identities with fewest restrictions are the most useful.

Fig. 8. Geometric interpre-

,n =4
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Now let us study the basic techniques for operating on binomial coefficients:

A. Representation by factorials. From Eq. (3) we have immediately
!
(:) = k'_(nn_——T)" integer n > integer k > 0. (5)

This allows combinations of factorials to be represented as binomial coefficients
and conversely.

B. Symmetry condition. From Egs. (3) and (5), we have

n n . .
= > .
(k) (n B k)’ integer n > 0, integer k (6)

This formula holds for all integers k. When k is negative or greater than n, the
binomial coefficient is zero (provided that n is a nonnegative integer).

C. Moving in and out of parentheses. From the definition (3), we have

(;):%(;:1), integer k # 0. (7)

This formula is very useful for combining a binomial coefficient with other parts
of an expression. By elementary transformation we have the rules

& r\ r—l) l(r)__l_ r—l)

(k) _T(k—l Cor\k/) T k(k—l ’

the first of which is valid for all integers k, and the second when no division by
zero has been performed. We also have a similar relation:

(;)Zrik<r;1)’ integer k # 7. (8)

Let us illustrate these transformations, by proving Eq. (8) using Egs. (6)
and (7) alternately:

(r)_(r)_ T (r—l >_ T (r—l)
k) \r—k/) r—k\r—1-k/ r—k\ k /)
[Note: This derivation is valid only when r is a positive integer # k, because of

the constraints involved in Egs. (6) and (7); yet Eq. (8) claims to be valid for
arbitrary r # k. This can be proved in a simple and important manner: We

have verified that
r—1 T
T( k ) _(T_k)(k)

for infinitely many values of r. Both sides of this equation are polynomials in 7.
A nonzero polynomial of degree n can have at most n distinct zeros; so (by
subtraction) if two polynomials of degree < n agree at n + 1 or more different
points, the polynomials are identically equal. This principle may be used to
extend the validity of many identities from integers to all real numbers.]
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D. Addition formula. The basic relation

(D=3 (D) e o

is clearly valid in Table 1 (every value is the sum of the two values above and
to the left) and we may easily verify it in general from Eq. (3). Alternatively,
Egs. (7) and (8) tell us that

() Goy) memm () () = (2)

Equation (g) is often useful in obtaining proofs by induction on r, when r is an
integer.

E. Summation formulas. Repeated application of (g) gives
(r)_ T—1)+,(T_1 _(r—1)+<r—2>+ T—Q) )
k _< k k—l)_ k kE—1 (k—2 k
(=G () =Go+ G20+ (0
k) \k-1 k) \k-1 k—1 k

Thus we are led to two important summation formulas that can be expressed as
follows:

2=+ (T (=),

integer n > 0. (10)

200 =G+ G+ ()= ()

integer m > 0, integer n > 0. (11)

or

Equation (11) can easily be proved by induction on n, but it is interesting
to see how it can also be derived from Eq. (10) with two applications of Eq. (6):

Y- X -2 (e X ()

m
0<k<n 0<m+k<n —-m<k<0 0<k<n—m

0+<m+(n—m)+1) :(n+1)’

n—m m+1

assuming that n > m. If n < m, Eq. (11) is obvious.

Equation (11) occurs very frequently in applications; in fact, we have already
derived special cases of it in previous sections. For example, when m = 1, we
have our old friend, the sum of an arithmetic progression:

() (D) e () orrmrnn (731) - 52
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Suppose that we want a simple formula for the sum 1% + 2% 4. .. +n?. This
can be obtained by observing that k? = 2(’;) + (’f), hence

Se= (o) (9) ="+ (1)

k=0

And this answer, obtained in terms of binomial coeflicients, can be put back into

polynomial notation if desired:

2 _ 2(n—l—l)n(n— 1) + (n+1)n

6 2

The sum 13423 + - --+n3 can be obtained in a similar way; any polynomial

ag + a1k + azk? + -+ - + a k™ can be expressed as bo(g) + b (’;) 44 bm(::l)

for suitably chosen coeflicients by, ..., by. We will return to this subject later.

P+22+. . +n

=in(n+Hn+1). (12)

F. The binomial theorem. Of course, the binomial theorem is one of our
principal tools:

T T k,r—k :
(z+y) _%:(k)z y" ", integer r > 0. (13)
For example, (z + y)* = z* + 423y + 62°y? + 4zy> + y*. (At last we are able to
justify the name “binomial coefficient” for the numbers (}).)

It is important to notice .that we have written ), in Eq. (13), rather than
> r—o as might have been expected. If no restriction is placed on k, we are
summing over all integers, —oco < k < 400; but the two notations are exactly
equivalent in this case, since the terms in Eq. (13) are zero when & < 0 or
k > r. The simpler form ), is to be preferred, since all manipulations with
sums are simpler when the conditions of summation are simpler. We save a
good deal of tedious effort if we do not need to keep track of the lower and/or
upper limits of summation, so the limits should be left unspecified whenever
possible. Our notation has another advantage also: If r is not a nonnegative
integer, Eq. (13) becomes an infinite sum, and the binomial theorem of calculus
states that Eq. (13) is valid for all r, if |z/y| < 1.

1t should be noted that formula (13) gives

0° =1. (14)

We will use this convention consistently.
The special case y = 1 in Eq. (13) is so important, we state it specially:

Z(;):rk =(1+z), integer 7 > 0 or [z] < 1. (15)

k
The discovery of the binomial theorem was announced by Isaac Newton in
letters to Oldenburg on June 13, 1676 and October 24, 1676. [See D. Struik,
Source Book in Mathematics (Harvard Univ. Press, 1969), 284 -291.] But he
apparently had no real proof of the formula; at that time the necessity for rigorous
proof was not fully realized. The first attempted proof was given by L. Euler
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in 1774, although his effort was incomplete. Finally, C. F. Gauss gave the first
actual proof in 1812. In fact, Gauss’s work represented the first time anything
about infinite sums was proved satisfactorily.

Early in the nineteenth century, N. H. Abel found a surprising generalization
of the binomial formula (13):

(z+y)" = Z(Z)m(az —kz) Yy + k2)"F, integern >0, z#0. (16)
k

This is an identity in three variables, z, y, and z (see exercises 50 through 52).

Abel published and proved this formula in Volume 1 of A. L. Crelle’s soon-

to-be-famous Journal fiir die reine und angewandte Mathematik (1826), pages

159-160. It is interesting to note that Abel contributed many other papers to the

same Volume 1, including his famous memoirs on the unsolvability of algebraic

equations of degree 5 or more by radicals, and on the binomial theorem. See
H. W. Gould, AMM 69 (1962), 572, for a number of references to Eq. (16).

G. Negating the upper index. The basic identity

(;) = (—1)"’(1C _]: B 1), integer k, (17)

follows immediately from the definition (3) when each term of the numerator is
negated. This is often a useful transformation on the upper index.
One easy consequence of Eq. (17) is the summation formula

Z(;)(_l)k - (g) B (:) +ooot (—U"(;) = (—l)n(r; 1), integer n.
- (18)

This identity could be proved by induction using Eq. (9), but we can use Egs. (17)
and (10) directly:

ZE =2 ()= e ()

Another important application of Eq. (17) can be made when r is an integer:

n _ —-(m+1) . .
=(-1)™ t >0, int .
(m) (-1) ( " m ) , integer n > 0, integer m (19)

(Set r =n and k =n — m in Eq. (17) and use (6)) We have moved n from the
upper position to the lower.

H. Simplifying products. When products of binomial coefficients appear, they
can usually be reexpressed in several different ways by expanding into factorials
and out again using Eq. (5). For example,

r m T r—k . .
(m) ( k) = (k) (m—k)’ integer m, integer k. (20)
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It suffices to prove Eq. (20) when r is an integer > m (see the remarks after
Eq. (8)), and when 0 < k < m. Then

<;) (TZ) “ml (r—n:!)!nllc!! (m—Fk)! K (r—k)T!!((;m_—];c))!! (r—m)! (2) (;__]Z)

Equation (20) is very useful when an index (namely m) appears in both the
upper and the lower position, and we wish to have it appear in one place rather
than two. Notice that Eq. (7) is the special case of Eq. (20) when & = 1.

I. Sums of products. To complete our set of binomial-coefficient manipu-
lations, we present the following very general identities, which are proved in
the exercises at the end of this section. These formulas show how to sum over a
product of two binomial coefficients, considering various places where the running
variable & might appear:

()10 = (707, e (a1)
;(m:—k)(nj—lJ - (T—T:zj—n>’

integer m, integer n, integer r > 0. (22)

(;) (S * k)(—l)"k = (n s_ r)’ integer n, integer r > 0. (23)

n

-

T

p ( k) ( i )( )k ‘ (’] - tt_‘ , )
ZO m k t m
lnteger t > 0, integer T > (), lntegEI m > 0 (24)

i(r—k)(s+k>_(r+s+1)
N\ om n " \m4+n+1/

integer n > integer s > 0, integer m > 0, integer r > 0. (25)

Z(r—ktk) (s_;(:l;k)> T_Ttk _ <r+sn—tn), integer n.  (26)

k>0

Of these identities, Eq. (21) is by far the most important, and it should be
memorized. One way to remember it is to interpret the right-hand side as the
number of ways to select n people from among r men and s women; each term
on the left is the number of ways to choose k of the men and n — &k of the
women. Equation (21) is commonly called Vandermonde’s convolution, since
A. Vandermonde published it in Mém. Acad. Roy. Sciences Paris (1772), 489-
498. However, it had appeared already in Shih-Chieh Chu’s 1303 treatise men-
tioned earlier [see J. Needham, Science and Civilization in China 8 (Cambridge
University Press, 1959), 138-139).
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If r = tk in Eq. (26), we avoid the zero denominator by canceling with
a factor in the numerator; therefore Eq. (26) is a polynomial identity in the
variables 7, s, t. Obviously Eq. (21) is a special case of Eq. (26) with t = 0.

We should point out a nonobvious use of Egs. (23) and (25): It is often
helpful to replace the simple binomial coefficient on the right-hand side by the
more complicated expression on the left, interchange the order of summation,
and simplify. We may regard the left-hand sides as expansions of

. s+k
( ) in terms of ( )
n+a n

Formula (23) is used for negative a, formula (25) for positive a.

This completes our study of binomial-coefficientology. The reader is advised
to learn especially Egs. (5), (6), (7), (9), (13), (17), (20), and (21)— frame them
with your favorite highlighter pen!

With all these methods at our disposal, we should be able to solve almost
any problem that comes along, in at least three different ways. The following
examples illustrate the techniques.

Example 1. When r is a positive integer, what is the value of Z(;) (Z) k?

Solution. Formula (7) is useful for disposing of the outside k:  *

T\ /S T\ /s—1 s—-1
=26 =20 G5
k k
Now formula (22) applies, with n = —1. The answer is therefore

r S r+s—1 .
= > 0.
()= (e e

k\ 2k (—1)F
Example 2. What is the value of E (n + ) ( & ) (k )1 ,if n is a nonnegative
integer? +

Solution. This problem is tougher; the summation index k appears in six places!
First we apply Eq. (20), and we obtain

ST

k

We can now breathe more easily, since several of the menacing characteristics
of the original formula have disappeared. The next step should be obvious; we
apply Eq. (7) in a manner similar to the technique used in Example 1:

zk:(n:k)(::ti)% (27)

Good, another k£ has vanished. At this point there are two equally promising
lines of attack. We can replace the (”+k) by (”+k), assuming that k > 0, and
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evaluate the sum with Eq. (23):
Z(n+k> (n+ 1)(—1)’c
n k+1/n+1

k>0
__ 1 (n—1+k) n+ 1) (—1)*
n—l—l

<
T )

_ 1 nt1fm—1 1 n-1y 1 n—1
__m(_l) (—1>+n+1< n )_n+1( n )
The binomial coefficient ( 1) equals zero except when n = 0, in which case it
equals one. So we can convemently state the answer to our problem as [n=0],
using Iverson’s convention (Eq 1.2.3— (16)) or as dng, using the Kronecker delta
(Eq. 1.2.3-(19)).
Another way to proceed from Eq. (27) is to use Eq. (17), obtaining

() G e

k

We can now apply Eq. (22), which yields the sum
(n+1—(n+1))_<0> 1
n+l-1+0/ \n/n+1
Once again we have derived the answer:
n+k\ /2k\ (—1)k .
St A > 0.
zk:( ok )(k) P Ono, integer n > 0 (28)

k 2k\ (—1)k
Example 3. What is the value of E ( " +2k) ( A ) (k )1 , for positive inte-
gers m and n? + +

Solution. If m were zero, we would have the same formula to work with that
we had in Example 2. However, the presence of m means that we cannot even
begin to use the method of the previous solution, since the first step there was
to use Eq. (20) —which no longer applies. In this situation it pays to complicate
things even more by replacing the unwanted (m I 2k) by a sum of terms of the
form (IZ‘; ) since our problem will then become a sum of problems that we know
how to solve. Accordingly, we use Eq. (25) with

r=n+k-1, m=2k, s=0, n=m-—1,
and we have

2 2 <n+k2_kl_j><2kk><m3;1>(/c_i)f‘ (20)

k 0<j<ntk—1
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We wish to perform the summation on k first; but interchanging the order of
summation demands that we sum on the values of k that are > 0 and > j—n+1.
Unfortunately, the latter condition raises problems, because we do not know the
desired sum if j > n. Let us save the situation, however, by observing the terms
of (29) are zero when n < j < n+k — 1. This condition implies that k > 1; thus
0<n+k—-1—j<k—1< 2k, and the first binomial coefficient in (29) will
vanish. We may therefore replace the condition on the second sum by 0 < j < n,
and the interchange of summation is routine. Summing on k by Eq. (28) now

gives
J
Z (m - 1)6(71.—1—]')07

0<ji<n

and all terms are zero except when j = n — 1. Hence our final answer is

n—1
(m - 1>'

The solution to this problem was fairly complicated, but not really myste-
rious; there was a good reason for each step. The derivation should be studied
closely because it illustrates some delicate maneuvering with the conditions in
our equations. There is actually a better way to attack this problem, however;

it is left to the reader to figure out a way to transform the given sum so that
Eq. (26) applies (see exercise 30).

Example 4. Prove that

> Ak(r,t)An_k(s,t) = Ap(r +s,1), integern >0, (30)
k

where A, (z,t) is the nth degree polynomial in z that satisfies

An(z,t) = (

:z;—nt) T

, for z #nt.
n nt

T —

Solution. We may assume that r # kt # s for 0 < k < n, since both sides of
(30) are polynomials in r, s, t. Our problem is to evaluate

() e e

which, if anything, looks much worse than our previous horrible problems! Notice
the strong similarity to Eq. (26), however, and also note the case t = 0.
We are tempted to change

(r—kt) r to (r—kt—l)r
k r—kt k-1 k’
except that the latter tends to lose the analogy with Eq. (26) and it fails when
k = 0. A better way to proceed is to use the technique of partial fractions,
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whereby a fraction with a complicated denominator can often be replaced by a
sum of fractions with simpler denominators. Indeed, we have

1 11 11
r—kts—(n—k}t r+s—nt \r—kt s—(n—k}t/)’

Putting this into our sum we get

s Z(r-—kt)(s—(n—k)t) r
Tt s —nt < k n—~k r—kt

R () =

and Eq. (26) evaluates both of these formulas if we change k to n — k in the
second; the desired result follows immediately. Identities (26) and (30) are due
to H. A. Rothe, Formulz de Serierum Reversione (Leipzig: 1793); special cases of
thesc formulas are still being “discovered” frequently. For the interesting history
of these identities and some generalizations, see H. W. Gould and J. Kaucky,
Journal of Combinatorial Theory 1 (1966), 233-248.

Example 5. Determine the values of ag, ai, ag, ... such that
nl =ap+ain+ an(n — 1)+ agn(n — 1)(n - 2) + - -- (31)
for all nonnegative integers n.

Solution. Equation 1.2.5-(11), which was presented without proof in the previous
section, gives the answer. Let us pretend that we don’t know it yet. It is clear
that the problem does have a solution, since we can set n = 0 and determine ag,
then set n = 1 and determine a,, etc.

First we would like to write Eq. (31) in terms of binomial coefficients:

nl = Z(:)k!ak. (32)

k

The problem of solving implicit equations like this for ay is called the inversion
problem, and the technique we shall use applies to similar problems as well.
The idea is based on the special case s = 0 of Eq. (23):

;(;) (:)(*UT_IC = (n E r) =J,., integer n, integer r > 0. (33)

The importance of this formula is that when n # r, the sum is zero; this enables
us to solve our problem since a lot of terms cancel out as they did in Example 3:

£ (D)= SR pe(T)r
e (D))

= Zk!akékm = m!am.
k
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Notice how we were able to get an equation in which only one value a,, appears,

by adding together suitable multiples of Eq. (32) for n = 0,1,.... We have now
_.nl/m (=nm-n (-1)"
nzz;) ml\n 0o (m —n)! oemim n!

This completes the solution to Example 5. Let us now take a closer look at
the implications of Eq. (33): When r and m are nonnegative integers we have

£ (0o i)

k
since the other terms vanish after summation. By properly choosing the coeffi-
cients c;, we can represent any polynomial in & as a sum of binomial coefficients
with upper index k. We find therefore that

Z(;)(—-l)"k(bo 4 bk+ -+ bkT) =rlb,, integerr>0,  (34)
k
where by + --- + b.k" represents any polynomial whatever of degree r of less.
(This formula will be of no great surprise to students of numerical analysis,
since Y, (1) (—=1)""* f(z + k) is the “rth difference” of the function f(x).)
Using Eq. (34), we can immediately obtain many other relations that appear
complicated at first and that are often given very lengthy proofs, such as

;(;)(S;kt)(—l)k =1¢", integer r > 0. (35)

It is customary in textbooks such as this to give a lot of impressive examples
of neat tricks, etc., but never to mention simple-looking problems where the
techniques fail. The examples above may have given the impression that all
things are possible with binomial coefficients; it should be mentioned, however,
that in spite of Egs. (10), (11), and (18), there seems to be no simple formula
for the analogous sum

ké(TZ) =(5)+ (7)++ (7)) (36)

when n < m. (For n = m the answer is simple; what is it? See exercise 36.)
On the other hand this sum does have a closed form as a function of n when
m is an explicit negative integer; for example,

n

(7)== (37)

k=0
There is also a simple formula

S0 6930 o

for a sum that looks as though it should be harder, not easier.
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How can we decide when to stop working on a sum that resists simplification?
Fortunately, there is now a good way to answer that question in many important
cases: An algorithm due to R. W. Gosper and D. Zeilberger will discover closed
forms in binomial coefficients when they exist, and will prove the impossibility
when they do not exist. The Gosper-Zeilberger algorithm is beyond the scope
of this book, but it is explained in CMath §5.8. See also the book A =B by
Petkovsek, Wilf, and Zeilberger (Wellesley, Mass.: A. K. Peters, 1996).

The principal tool for dealing with sums of binomial coefficients in a sys-
tematic, mechanical way is to exploit the properties of hypergeometric functions,
which are infinite series defined as follows in terms of rising factorial powers:

ay, ---, Om a{"...af’nz
F(bl,--.,bn z) éb{“...b,’_ﬁ k! (39)
An introduction to these important functions can be found in Sections 5.5 and
5.6 of CMath. See also J. Dutka, Archive for History of Exact Sciences 31 (1984),
15-34, for historical references.
The concept of binomial coefficients has several significant generalizations,
which we should discuss briefly. First, we can consider arbitrary real values of the

lower index k in (;), see exercises 40 through 45. We also have the generalization

r _(1——qr)(1-—q’"‘l)...(l—q’"_k“)
(W), = e d i (40)

which becomes the ordinary binomial coefficient (;), = (;) when g approaches
the limiting value 1; this can be seen by dividing each term in numerator and
denominator by 1 — g. The basic properties of such “g-nomial coefficients” are
discussed in exercise 58.

However, for our purposes the most important generalization is the multi-
nomial coefficient

ki +ky+- -+ kn (ky+kat--+kn)t
- teger k; > 0.
( ki ko, km ) kgl kol meeger ki 20 (41)
The chief property of multinomial coefficients is the generalization of Eq. (13):
n n
(T4 z24+Tm)" = > (kl,kz, ,km)x’flm;“?..xfnm. (42)

ki+ka+-tkm=n

It is important to observe that any multinomial coefficient can be expressed in
terms of binomial coefficients:

kitkat-+kn\ [ kitks ky+kotks (k1+k2+---+km (43)
ki kg ke kr kitks )\ kiteodkme, ) W
so we may apply the techniques that we already know for manipulating binomial

coefficients. Both sides of Eq. (20) are the trinomial coefficient

(R
k,m—k,r—m/’
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Table 2
STIRLING NUMBERS OF BOTH KINDS

n n n n n n n n n
" [0] [1] [2] [3] [4] [5] [6] [7] [8]
0 1 0 .0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
2 0 1 1 0 0 0 0 0 0
3 0 2 3 1 0 0 0 0 0
4 0 6 11 6 1 0 0 0 0
5 0 24 50 35 10 1 0 0 0
6 0 120 274 225 85 15 1 0 0
7 0 720 1764 1624 735 175 21 1 0
8 0 5040 13068 13132 6769 1960 322 28 1

n n n n n { n } { n } n n
"{0} {1} {2} {3} {4} 5/ 1 {7}{8}
0 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
2 0 1 1 0 0 0 0 0 0
3 0 1 3 1 0 0 0 0 0
4 0 1 7 6 1 0 0 0 0
5 0 1 15 25 10 1 0 0 0
6 0 1 31 90 65 15 1 0 0
7 0 1 63 301 350 140 21 1 0
8 0 1 127 966 1701 1050 266 28 1

For approximations valid when n is large, see L. Moser and M. Wyman, J. London Math.
Soc. 33 (1958), 133-146; Duke Math. J. 25 (1958), 29-43; D. E. Barton, F. N. David, and
M. Merrington, Biometrika 47 (1960), 439-445; 50 (1963), 169-176; N. M. Temme, Studies in
Applied Math. 89 (1993), 233—-243; H. S. Wilf, J. Combinatorial Theory A64 (1993), 344-349;
H.-K. Hwang, J. Combinatorial Theory AT1 (1995), 343-351.

We conclude this section with a brief analysis of the transformation from
a polynomial expressed in powers of z to a polynomial expressed in binomial
coefficients. The coefficients involved in this transformation are called Stirling
numbers, and these numbers arise in the study of numerous algorithms.

Stirling numbers come in two flavors: We denote Stirling numbers of the first
kind by [}], and those of the second kind by {} }. These notations, due to Jovan
Karamata [Mathematica (Cluj) 9 (1935), 164-178], have compelling advantages
over the many other symbolisms that have been tried [see D. E. Knuth, AMM
99 (1992), 403-422]. We can remember the curly braces in {}} because curly
braces denote sets, and {’;} is the number of ways to partition a set of n elements
into k disjoint subsets (exercise 64). The other Stirling numbers [}] also have
a combinatorial interpretation, which we will study in Section 1.3.3: [Z] is the
number of permutations on n letters having k cycles.

Table 2 displays Stirling’s triangles, which are in some ways analogous to
Pascal’s triangle.
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Stirling numbers of the first kind are used to convert from factorial powers
to ordinary powers:

2t=z(xz—-1)...(t—n+1)

L)
=Y ()t mx’“ (44)
k

For example, from Table 2,

5
(“53) = % = %O(xf’ —10z* + 352° — 5022 + 24z).

Stirling numbers of the second kind are used to convert from ordinary powers
to factorial powers:

SR SR R RIS w i KR

This formula was, in fact, Stirling’s original reason for studying the numbers
{*} in his Methodus Differentialis (London: 1730). From Table 2 we have, for
example,

2% = 2% + 102¢ + 252% + 1522 + 2!

= 120(”5”) + 240(1”) + 150(”;) + 30(‘;) + (‘f)

We shall now list the most important identities involving Stirling numbers.
In these equations, the variables m and n always denote nonnegative integers.

o L=l + L)
S N R ¢

Inversion formulas (compare with Eq. (33)):

RTINS ¥ (AR

Special values:

=Ll =a =0 ()=Tl={0}=v @
[nil]:{nil}z(;b)‘ (49)

Addition formulas:

(46)
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o= e [P {7 MY
0 0 ’ 1 1 2
Expansion formulas:

S -0 ShrGer=[) e

Y- e =0 e
P 59

SO L)
2 (Y a0 | L F TN
S v () w

S S {2

k<n

(54)

Some other fundamental Stirling number identities appear in exercises 1.2.6-61
and 1.2.7-6, and in Egs. (23), (26), (27), and (28) of Section 1.2.9.

Eq. (49) is just one instance of a general phenomenon: The Stirling num-
bers [ " | and {_ "} are polynomials in n of degree 2m, whenever m is a
nonnegative integer. For example, the formulas for m = 2 and m = 3 are

= ()2 {0} =) 2(5)
sl = (6) 875 ) e ("8 )i Ll = (75 )5 )+ ().

(57)
Therefore it makes sense to define the numbers [T_Tm] and { } for arbitrary
real (or complex) values of r. With this generalization, the two kinds of Stirling
numbers are united by an interesting duality law

{nt =[50 59
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which was implicit in Stirling’s original discussion. Moreover, Eq. (45) remains
true in general, in the sense that the infinite series

r = " } r—k
z = Z{r —k z (59)
k
converges whenever the real part of z is positive. The companion formula,
Eq. (44), generalizes in a similar way to an asymptotic (but not convergent)

series:
m

2 = I;}[T ik] (_l)sz—k +O(zr—m—l). (60)
(See exercise 65.) Sections 6.1, 6.2, and 6.5 of CMath contain additional informa-
tion about Stirling numbers and how to manipulate them in formulas. See also
exercise 4.7-21 for a general family of triangles that includes Stirling numbers
as a very special case.

EXERCISES
1. [00] How many combinations of n things taken n — 1 at a time are possible?
. [00] What is (3)?
. [00] How many bridge hands (13 cards out of a 52-card deck) are possible?

[05] Use Pascal’s triangle to explain the fact that 11* = 14641.

[10] Pascal’s triangle (Table 1) can be extended in all directions by use of the
addition formula, Eq. (g). Find the three rows that go on top of Table 1 (i.e., for
r=-1, -2, and —-3).

7. [12] If n is a fixed positive integer, what value of k makes (Z) a maximum?

2
3
4. [10] Give the answer to exercise 3 as a product of prime numbers.
5.
6.

»
»

8. [00] What property of Pascal’s triangle is reflected in the “symmetry condition,”
Eq. (6)?
9. [01] What is the value of (7)? (Consider all integers n.)
» 10. [M25] If p is prime, show that:

a) (n) = LZJ (modulo p).

p
b) (}) =0 (modulo p), for 1 <k <p—1.
9 (73 1) = (=1)* (modulo p), for 0< k <p—1.
0 (75") =0 i r 2k

e) (E. Lucas, 1877.)
nY _ [ In/p] (n modp)
(k) - ( lk/p] ) kmodp (modulo p).
f) If the p-ary number system representations of n and k are

n=arp” + -+ a1p + ao, (n)_(ar) (al)(ao)
t = e .
k =bep" +- +bip+bo, hen k b, by ) Lo (modulo p)
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> 11. [M20] (E. Kummer, 1852.) Let p be prime. Show that if p™ divides
(")
a
but p does not, then n is equal to the number of carries that occur when a is added
to b in the p-ary number system. [Hint: See exercise 1.2.5-12.]

n+1

12. [M22] Are there any positive integers n for which all the nonzero entries in the
nth row of Pascal’s triangle are odd? If so, find all such n.

13. [M13] Prove the summation formula, Eq. (10).
14. [M21] Evaluate 3" 7_,k*.
15. [M15] Prove the binomial formula, Eq. (13).

16. [M15] Given that n and k are positive integers, prove the symmetrical identity

nf —N -k
(1) (k—l) - ("l)k(nﬂ 1)'
> 17. [M18] Prove the Chu-Vandermonde formula (21) from Eq. (15), using the idea
that (1 +z)"" = (1 +2)"(1 4+ z)°.
18. [M15] Prove Eq. (22) using Egs. (21) and (6).
19. [M18] Prove Eq. (23) by induction.

20. [M20] Prove Eq. (24) by using Egs. (21) and (1g), then show that another use of
Eq. (19) yields Eqg. (25).

> 21. [MO05] Both sides of Eq. (25) are polynomials in s; why isn’t that equation an
identity in s? .
22. [M20] Prove Eq. (26) for the special case s =n —1—r + nt.
23. [M13] Assuming that Eq. (26) holds for (r,s,t,n) and (r, s — ¢, t, n — 1), prove
it for (r, s +1, t, n).

24. [M15] Explain why the results of the previous two exercises combine to give a
proof of Eq. (26).

25. [HM30] Let the polynomial A,(z,t) be defined as in Eq. (30). Let z = z**! — .
Prove that 3, Ax(r,t)z* = ", provided z is small enough. {Note: If ¢ = 0, this result
is essentially the binomial theorem, and this equation is an important generalization
of the binomial theorem. The binomial theorem (15) may be assumed in the proof.]
Hint: Start with the identity

-k r—jt T
()=
g( v A L
26. [HM25] Using the assumptions of the previous exercise, prove that

Z(r—tk)zk . z™T?
k T (t+ Dz -t

k

27. [HM21] Solve Example 4 in the text by using the result of exercise 25; and prove
Eq. (26) from the preceding two exercises. [Hint: See exercise 17.]
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28. [M25] Prove that

S e

if n is a nonnegative integer.

29. [M20] Show that Eq. (34) is just a special case of the general identity proved in
exercise 1.2.3-33.

30. [M24] Show that there is a better way to solve Example 3 than the way used in
the text, by manipulating the sum so that Eq. (26) applies.

31. [M20] Evaluate
Z(m—r-}—s)(n-}-r-—s)(r—i—k)
- k n—k m+n

in terms of r, s, m, and n, given that m and n are nonnegative integers. Begin by

replacing
r+k) ( T )(k)
b .
(m—i—n Y ; m+n-—3/\J

32. [M20] Show that 3_,[7]z* = 2™, where 2™ is the rising factorial power defined in
Eq. 1.2.5-(19).

33. [M20] (Capelli’s sum.) Show that the binomial formula is valid also when it
involves rising factorial powers instead of the ordinary powers; that is, prove the identity

(@ +y)" = T, (ty
34. [M23] (Torelli’s sum.) In the light of the previous exercise, show that Abel’s
generalization, Eq. (16), of the binomial formula is true also for rising powers:

(x+y)* = Z(:)m(x —kz+ 1)y + kz)m.
k

35. [M23] Prove the addition formulas (46) for Stirling numbers directly from the
definitions, Egs. (44) and (45).

36. [M10] What is the sum 3, () of the numbers in each row of Pascal’s triangle?
What is the sum of these numbers with alternating signs, 3, (7)(~1)*?

37. [M10] From the answers to the preceding exercise, deduce the value of the sum
of every other entry in arow, (3) + (3) + (3) +--

38. [HM30] (C.Ramus, 1834.) Generalizing the result of the preceding exercise, show
that we have the following formula, given that 0 < k < m:

n n n _1 Jm\*  j(n —2k)m
(k)+(m+k)+(2m+k)+ _mozéf:m(m’sm) s

For example,

(2)+(2)+ ()¢ o= rrame520).

[Hint: Find the right combinations of these coefficients multiplied by mth roots of
unity.] This identity is particularly remarkable when m > n.
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39. [M10] What is the sum >, [%] of the numbers in each row of Stirling’s first
triangle? What is the sum of these numbers with alternating signs? (See exercise 36.)

40. [HM17] The beta function B(z,y) is defined for positive real numbers x, y by the
formula B(z,y) = fol N1~ )Y e

a) Show that B(z,1) = B(1,z) = 1/z.

b) Show that B(z + 1, y}+ B(z, y + 1) = B(z, y).

c) Show that B(z,y) = ({(z +y)/y) B(z, y + 1).
41. [HM22] We proved a relation between the gamma function and the beta function
in exercise 1.2.5-19, by showing that ['n(z) = m®B(z, m+1), if m is a positive integer.

a) Prove that
B(z,y) = %’%Bu, y+m+1).
b) Show that

42. [HM10] Express the binomial coefficient (}) in terms of the beta function defined
above. (This gives us a way to extend the definition to all real values of k.)

43. [HM20] Show that B(1/2,1/2) = m. (From exercise 41 we may now conclude that
D(1/2) = v/7)

44. [HM20] Using the generalized binomial coefficient suggested in exercise 42, show

that )
(1/2) :22”1/( r ) ™

45. [HM21] Using the generalized binomial coefficient suggested in exercise 42, find
lim, o0 (7) /7.

46. [M21] Using Stirling’s approximation, Eq. 1.2.5—(7), find an approximate value
of (z:y), assuming that both z and y are large. In particular, find the approximate

size of (2:) when n is large.
47. [M21] Given that k is an integer, show that

r)(r—«l/2)_(2'r)(27‘—k) 4k_(2r)(2k) 4
(k k T \k k T \2%/\k ’
Give a simpler formula for the special case r = —1/2.

48. [M25] Show that

Z ( n) (—1)* _ n! 1
- - n+z\)
= k/k+z z(z+l)...(z+n) (")
if the denominators are not zero. [Note that this formula gives us the reciprocal of a
binomial coefficient, as well as the partial fraction expansion of 1/z(z +1)...(z + n).]
49. [M20] Show that the identity (14 z)” = (1 —2%)"(1 — )" implies a relation on
binomial coefficients.

50. [M20] Prove Abel’s formula, Eq. (16), in the special case ¢ +y = 0.

51. [M21] Prove Abel’s formula, Eq. (16), by writing y = (z + y) — =, expanding the
right-hand side in powers of (z + y), and applying the result of the previous exercise.
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52. [HM11] Prove that Abel’s binomial formula (16) is not always valid when n is not
a nonnegative integer, by evaluating the right-hand side when n =z = -1,y =2z=1.

53. [M25] (a) Prove the following identity by induction on m, where m and n are
integers:

(T s r s
2 ()G )=t an=mane-m (L) (0 )
k=0
(b) Making use of important relations from exercise 47,
(—1/2) (= (Qn) (1/2) (= (Qn) (=1 (2"—1)—-5
n /22 \n)’ n /) 2m(2n—-1)\n/ 22-1(2n-1) n o
show that the following formula can be obtained as a special case of the identity in
part (a):

i(?k—l)(%z—?k) -1 _n—m(2m)(2n—2m)+l(2n)
k n—k /2% -1 2n \m n—m 2\n/’

k=0
(This result is considerably more general than Eq. (26) in the case r = —1, s = 0,
t=-2)

54. [M21] Consider Pascal’s triangle (as shown in Table 1) as a matrix. What is the
tnverse of that matrix?

55. [M21] Considering each of Stirling’s triangles (Table 2) as matrices, determine
their inverses.

56. [20] (The combinatorial number system.) For each integer n =0, 1, 2, ..., 20,
find three integers a, b, ¢ for which n = ({) + () +(5) and 0 < a < b < c. Can you see
how this can be continued for higher values of n?

57. [M22] Show that the coefficient a, in Stirling’s attempt at generalizing the fac-
torial function, Eq. 1.2.5—(12), is

S D (R

k>1

58. [M23] In the notation of Eq. (40), prove the “g-nomial theorem”:

(1+m)(1+qm)(1+qn—1$):2(:) qk(k—l)/2$k.
k q

Find g-nomial generalizations of the fundamental identities (17) and (21).

59. [M25] A sequence of numbers Ank, n > 0, k > 0, satisfies the relations Ano =1,
Aok = 60):1 Apx = A(n—l)k + A(n—-l)(k—-l) + (Z) for nk > 0. Find A,x.

60. [M23] We have seen that (Z) is the number of combinations of n things, k at
a time, namely the number of ways to choose k different things out of a set of n.
The combinations with repetitions are similar to ordinary combinations, except that we
may choose each object any number of times. Thus, the list (1) would be extended to
include also aaa, aab, aac, aad, aae, abb, etc., if we were considering combinations with

repetition. How many k-combinations of n objects are there, if repetition is allowed?
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61. [M25] Evaluate the sum

n+1 k P~
Slrnf{aper
k
thereby obtaining a companjon formula for Eq. (55).

» 62. [M23] The text gives formulas for sums involving a product of two binomial
coeflicients. Of the sums involving a product of three binomial coefficients, the following
one and the identity of exercise 31 seem to be most useful:

efl+my/m+n\/n+l\ _ (+m+n) .
2_(-1) (l+k>(m+k)(n+k)_ limin @ nteger l,m,n 2 0.
k

(The sum includes both positive and negative values of k.) Prove this identity.
[Hint: There is a very short proof, which begins by applying the result of exercise 31.]

63. [M30] If [, m, and n are integers and n > 0, prove that
e (L) M) =GN G
- k+1/\j/\k m—j n+l/\m—-n-—|

Ik
64. [M20] Show that {} is the number of ways to partition a set of n elements
into m nonempty disjoint subsets. For example, the set {1,2,3,4} can be partitioned
into two subsets in {3} = 7 ways: {1,2,3}{4}; {1,2,4}{3}; {1,3,4}{2}; {2,3,4}{1};
{1,2}{3,4}; {1,3}{2,4}; {1,4}{2,3}. Hint: Use Eq. (46).

65. [HM35] (B. F. Logan.) Prove Egs. (59) and (60).

v

66. [M29] Let n be a positive integer, and suppose z and y are real numbers satisfying
n<y<z<y+1 Then (,¥,) < (,3,) < (EF) = (1) + (2), so there is a unique
real number z such that

T y z
= —1<z<qy.
(n-l—l) (n+1>+(n)’ nTisEsY

)=()+G20)
n n n—1
[Hint: Consider the expansion (nil) = (::11) + Zkzo (,z,:',cc) (m_ZIiJrk) ]

> 67. [M20] We often need to know that binomial coefficients aren’t too large. Prove
the easy-to-remember upper bound

k
n ne
< (- .
(k)“(k)’ whenn >k >0

Prove that

68. [M25] (A. De Moivre.) Prove that, if n is a nonnegative integer,

Z(Z)pk(l ~p)" ¥k — np| = 2|np] ( “:;] )prnm (1—p)rti-imel.

k
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1.2.7. Harmonic Numbers

The following sum will be of great importance in our later work:

, n>0. (1)

Bl

Hooqal,l 1
n = +§+§+---+;—Z

k=1
This sum does not occur very frequently in classical mathematics, and there is
no standard notation for it; but in the analysis of algorithms it pops up nearly
every time we turn around, and we will consistently call it H,. (Besides H,,
the notations h, and S, and ¥(n + 1) + 7 are found in mathematical literature.
The letter H stands for “harmonic,” and we speak of H,, as a harmonic number
because (1) is customarily called the harmonic series.)

It may seem at first that H, does not get too large when n has a large value,
since we are always adding smaller and smaller numbers. But actually it is not
hard to see that H,, will get as large as we please if we take n to be big enough,
because

Hym > 1+ % (2)
This lower bound follows from the observation that, for m > 0, we have

1 1
i1 Tamya T gm

1
+ 2m+l

H2m+1 = H2m +

— 1
ZHZM_FW +"'+W—H2m+§.

So as m increases by 1, the left-hand side of (2) increases by at least %

It is important to have more detailed information about the value of H,
than is given in Eq. (2). The approximate size of H, is a well-known quantity
(at least in mathematical circles) that may be expressed as follows:

1 1 1
anlnn+’y+2—n—m+m
Here v = 0.5772156649 . .. is Euler’s constant, introduced by Leonhard Euler in
Commentarii Acad. Sci. Imp. Pet. 7 (1734), 150-161. Exact values of H, for
small n, and a 40-place value for =, are given in the tables in Appendix A. We
shall derive Eq. (3) in Section 1.2.11.2.

Thus H,, is reasonably close to the natural logarithm of n. Exercise 7(a)
demonstrates in a simple way that H, has a somewhat logarithmic behavior.

In a sense, H, just barely goes to infinity as n gets large, because the similar
sum

1
— €, 0<6<m. (3)

]_+_.1_+_1.+...+i (4)
2r 3T n’
stays bounded for all n, when r is any real-valued exponent greater than unity.
(See exercise 3.) We denote the sum in Eq. (4) by H.
When the exponent r in Eq. (4) is at least 2, the value of H,(f) is fairly close
to its maximum value H), except for very small n. The quantity HS is very
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well known in mathematics as Riemann’s zeta function:
1
HO =¢() =3 & (5)
k>1
If 7 is an even integer, the value of {(r) is known to be equal to
(2m)"
r!

1
HO = 5 |B,| ) integer r/2 > 1, (6)

where B, is a Bernoulli number (see Section 1.2.11.2 and Appendix A). In
particular,

LS L il ) — “_8 (7)
6’ 90’ 945’ e 9450
These results are due to Euler; for discussion and proof, see CMath, §6.5.

Now we will consider a few important sums that involve harmonic numbers.
First,

Hc(xg) - Hc(;)l) — Hc(’g) -

Y Hi=(n+1)H,—n (8)
k=1

This follows from a simple interchange of summation:

- S+ 1—j
ZiTx T

1 k=j j=1

| —

PPIE

k n
k=1 j=1 Jj=

Sf e
<

k
m
determine using an important technique called summation by parts (see exer-
cise 10). Summation by parts is a useful way to evaluate 3 axbx whenever the

quantities Y ax and (bg4+1 — by ) have simple forms. We observe in this case that

(W)= (i) - (ake)
m/) \m+1 m+1/’
and therefore
k k+1 1 k
(m)Hk_(m+1)(Hk+1_k+1)_(m+1)Hk’
"k 2 1
()= (2 )m- () )m)
o \m m+1 m+1
n+1 n k+1 1
() S5
+((m+1) +1 <m+1 ) 2 m+1/k+1

n+1 1 1 /k 1 /0
= Hp1— H — —_ .
(m+1) + (m+1) ! m+1 Z(711)+m4—1<m>

Formula (8) is a special case of the sum Y, _, () Hy, which we will now

hence
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Applying Eq. 1.2.6-(11) yields the desired formula:
"k n+1 1
= Hn - ——> .
;(m)Hk (m+1)( T mr (9)

(This derivation and its final result are analogous to the evaluation of

e lnzdr= () L L
/1 T x_m+1(nn“m+1)+(m+1)2

using what calculus books call integration by parts.)
We conclude this section by considering a different kind of sum, }, ( )m Hy,
which we will temporarily denote by S, for brevity. We find that

St = ; ((Z) * (lcﬁ 1)) z"Hy = S +"”Z<kﬁ 1)$k‘1(Hk_1 + -115)

k>1

1 n+1\ 4
—S+:1;S++1 (k)a:

Hence Sp41 = (z +1)Sn + ((z + 1)"* — 1) /(n + 1), and we have
Snt1 Sn 1 1

@r )™ @+ nrl miD@ELOA
This equation, together with the fact that S; = z, shows us that
S, - |
(m +1)n - g k(x+ 1)k (10)

The remaining sum is part of the infinite series for In(1/(1 — 1/(z + 1))) =
In(1+ 1/z), and when = > 0, the series is convergent; the difference is

1 1 1
Z % < 1 Z k- :
S ke DF S @A D ) @ r DF nr D@+

This proves the following theorem:
Theorem A. Ifz > 0, then
= 1
Z(:>azka =(z+1)" (Hn - ln<1 + ;)) +¢,
k=1

where 0 < e < 1/(z(n+1)). 1

EXERCISES
1. [01] What are Ho, H], and Hy?

2. [13] Show that the simple argument used in the text to prove that Hom > 1+m/2
can be slightly modified to prove that Hom <1+ m.
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3. [M21] Generalize the argument used in the previous exercise to show that, for
r > 1, the sum H,(f) remains bounded for all n. Find an upper bound.

» 4. [10] Decide which of the following statements are true for all positive integers n:
(a) Hno <lnn. (b) Hy, > Inn. (¢) Hy, >Inn+7.

5. [15] Give the value of Higgoo to 15 decimal places, using the tables in Appendix A.

6. [M15] Prove that the harmonic numbers are directly related to Stirling’s numbers,
which were introduced in the previous section; in fact,

15

7. [M21] Let T(m,n) = Hpm + Hn — Hmn. (a) Show that when m or n increases,
T(m,n) never increases (assuming that m and n are positive). (b) Compute the
minimum and maximum values of T'(m,n) for m,n > 0.

8. [HM18] Compare Eq. (8) with 3 7_,Ink; estimate the difference as a function
of n.

9. [M18] Theorem A applies only when z > 0; what is the value of the sum consid-
ered when ¢ = —17

10. [M20] (Summation by parts.) We have used special cases of the general method
of summation by parts in exercise 1.2.4-42 and in the derivation of Eq. (g9). Prove the
general formula

Z (ak+1 - ak)bk = anbn bt a1b1 - Z ak+1(bk+1 bt bk).

1<k<n 1<k<n

» 11. [M21] Using summation by parts, evaluate

1

> re

L kb =1)

» 12. [M10] Evaluate H&%® correct to at least 100 decimal places.
13. [M22] Prove the identity

DES'S +Z( et

k=1

(Note in particular the special case z = 0, which gives us an identity related to exercise
1.2.6-48.)

14. [M22] Show that S7_, Hy/k = 1(H2 + HS”), and evaluate S"_ Hy/(k + 1).
» 15. [M23] Express Y r_, Hf in terms of n and H,.
16. [18] Express the sum 1+ % +---+ -~

17. [M24] (E. Waring, 1782.) Let p be an odd prime. Show that the numerator of
H,_ is divisible by p.
18. [M33] (J. Selfridge.) What is the highest power of 2 that divides the numerator
of 143+ 4 5257

> 19. [M30] List all nonnegative integers n for which H, is an integer. [Hint: If H,
has odd numerator and even denominator, it cannot be an integer.]

in terms of harmonic numbers.
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20. [HM22] There is an analytic way to approach summation problems such as the one
leading to Theorem A in this section: If f(x) = 3,5, axx®, and this series converges
for x = xo, prove that

k& ! f(@o) — f(@oy)
E Hy = o dy.
QpTodlk A Yy

k>0 -y

21. [M24] Evaluate > _, Hy/(n+1-k).

22. [M28] Evaluate ZZ:OH’CH"“’C'

23. [HM20] By considering the function I''(z)/T'(z), show how we can get a natural
generalization of H, to noninteger values of n. You may use the fact that I'(1) = —,
anticipating the next exercise.

24. [HM21] Show that

() = oy

k>1

(Consider the partial products of this infinite product.)

1.2.8. Fibonacci Numbers

The sequence
0,1,1, 2 3,5, 8, 13, 21, 34, ..., (1)

in which each number is the sum of the preceding two, plays an important role
in at least a dozen seemingly unrelated algorithms that we will study later. The
numbers in the sequence are denoted by F,,, and we formally define them as

Fg = 0; Fl = 1; Fn+2 = Fn+1 + Fn, n > 0. (2)

This famous sequence was published in 1202 by Leonardo Pisano (Leonardo
of Pisa), who is sometimes called Leonardo Fibonacci (Filius Bonacci, son of
Bonaccio). His Liber Abaci (Book of the Abacus) contains the following exercise:
“How many pairs of rabbits can be produced from a single pair in a year’s time?”
To solve this problem, we are told to assume that each pair produces a new pair
of offspring every month, and that each new pair becomes fertile at the age of
one month. Furthermore, the rabbits never die. After one month there will be
2 pairs of rabbits; after two months, there will be 3; the following month the
original pair and the pair born during the first month will both usher in a new
pair and there will be 5 in all; and so on.

Fibonacci was by far the greatest European mathematician of the Middle
Ages. He studied the work of al-Khwarizmi (after whom “algorithm” is named,
see Section 1.1) and he added numerous original contributions to arithmetic and
geometry. The writings of Fibonacci were reprinted in 1857 [B. Boncompagni,
Scritti di Leonardo Pisano (Rome, 1857-1862), 2 vols.; F,, appears in Vol. 1, 283-
285]. His rabbit problem was, of course, not posed as a practical application to
biology and the population explosion; it was an exercise in addition. In fact,
it still makes a rather good computer exercise about addition (see exercise 3);
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Fibonacci wrote: “It is possible to do [the addition] in this order for an infinite
number of months.” :

Before Fibonacci wrote his work, the sequence F;, had already been discussed
by Indian scholars, who had long been interested in rhythmic patterns that
are formed from one-beat and two-beat notes or syllables. The number of
such rhythms having n beats altogether is F),41; therefore both Gopala (before
1135) and Hemachandra (c. 1150) mentioned the numbers 1, 2, 3, 5, 8, 13,
21, ... explicitly. [See P. Singh, Historia Math. 12 (1985), 229-244; see also
exercise 4.5.3-32.]

The same sequence also appears in the work of Johann Kepler, 1611, who
was musing about the numbers he saw around him [J. Kepler, The Six-Cornered
Snowflake (Oxford: Clarendon Press, 1966), 21]. Kepler was presumably unaware
of Fibonacci’s brief mention of the sequence. Fibonacci numbers have often been
observed in nature, probably for reasons similar to the original assumptions of
the rabbit problem. [See Conway and Guy, The Book of Numbers (New York:
Copernicus, 1996), 113-126, for an especially lucid explanation.

A first indication of the intimate connections between F,, and algorithms
came to light in 1837, when E. Léger used Fibonacci’s sequence to study the
efficiency of Euclid’s algorithm. He observed that if the numbers m and n in
Algorithm 1.1E are not greater than Fy, step E2 will be executed at most £+ 1
times. This was the first practical application of Fibopacci’s sequence. (See
Theorem 4.5.3F.) During the 1870s the mathematician E. Lucas obtained very
profound results about the Fibonacci numbers, and in particular he used them to
prove that the 39-digit number 227 —1 is prime. Lucas gave the name “Fibonacci
numbers” to the sequence (F,,), and that name has been used ever since.

We already have examined the Fibonacci sequence briefly in Section 1.2.1
(Eq. (3) and exercise 4), where we found that ¢"~% < F,, < ¢"~! if n is a positive
integer and if

¢=3(1+5) (3)

We will see shortly that this quantity, ¢, is intimately connected with the
Fibonacci numbers.

The number ¢ itself has a very interesting history. Euclid called it the
“extreme and mean ratio”; the ratio of A to B is the ratio of A+ B to A, if the
ratio of A to B is ¢. Renaissance writers called it the “divine proportion”; and
in the last century it has commonly been called the “golden ratio.” Many artists
and writers have said that the ratio of ¢ to 1 is the most aesthetically pleasing
proportion, and their opinion is confirmed from the standpoint of computer
programming aesthetics as well. For the story of ¢, see the excellent article “The
Golden Section, Phyllotaxis, and Wythoff’s Game,” by H. S. M. Coxeter, Scripta
Math. 19 (1953), 135~143; see also Chapter 8 of The 2nd Scientific American
Book of Mathematical Puzzles and Diversions, by Martin Gardner (New York:
Simon and Schuster, 1961). Several popular myths about ¢ have been debunked
by George Markowsky in College Math. J. 23 (1992), 2-19. The fact that the
ratio Fy, 11/ F, approaches ¢ was known to the early European reckoning master
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Simon Jacob, who died in 1564 [see P. Schreiber, Historia Math. 22 (1995),
422-424).

The notations we are using in this section are a little undignified. In much
of the sophisticated mathematical literature, F, is called u, instead, and ¢ is
called 7. Our notations are almost universally used in recreational mathematics
(and some crank literature!) and they are rapidly coming into wider use. The
designation ¢ comes from the name of the Greek artist Phidias who is said
to have used the golden ratio frequently in his sculpture. The notation F, is in
accordance with that used in the Fibonacci Quarterly, where the reader may find
numerous facts about the Fibonacci sequence. A good reference to the classical
literature about F;, is Chapter 17 of L. E. Dickson’s History of the Theory of
Numbers 1 (Carnegie Inst. of Washington, 1919).

The Fibonacci numbers satisfy many interesting identities, some of which
appear in the exercises at the end of this section. One of the most commonly
discovered relations, mentioned by Kepler in a letter he wrote in 1608 but first
published by J. D. Cassini [Histoire Acad. Roy. Paris 1 (1680), 201}, is

Fop1Foo1 = FL = (-1)7, (4)

which is easily proved by induction. A more esoteric way to prove the same
formula starts with a simple inductive proof of the matrix identity

(Fn+1 F, ) _ (1 l)n (5)
E, F,, 1 0
We can then take the determinant of both sides of this equation.

Relation (4) shows that F;, and Fy, 1 are relatively prime, since any common

divisor would have to be a divisor of (—1)".
From the definition (2) we find immediately that

Fn+3=Fn+2+Fn+1=2Fn+1+Fn; Fn+4:3Fn+1+2Fn;
and, in general, by induction that
Fn+m=Fan+1+Fm——1Fn (6)

for any positive integer m.
If we take m to be a multiple of n in Eq. (6), we find inductively that

Fox is a multiple of F}.

Thus every third number is even, every fourth number is a multiple of 3, every
fifth is a multiple of 5, and so on.

In fact, much more than this is true. If we write gcd(m,n) to stand for the
greatest common divisor of m and n, a rather surprising theorem emerges:

Theorem A (E. Lucas, 1876). A number divides both F,, and F, if and only
if it is a divisor of Fy, where d = ged(m, n); in particular,

ng(FMa Fn) = Fgcd(m,n) . (7)
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Proof. This result is proved by using Euclid’s algorithm. We observe that
because of Eq. (6) any common divisor of Fy, and F}, is also a divisor of Fy n;
and, conversely, any common divisor of F,,,,, and F,, is a divisor of F,, F} 1.
Since F,4; is relatively prime to F,, a common divisor of Fj, ., and F, also
divides F},. Thus we have proved that, for any number d,

d divides F,, ‘and F), if and only if d divides F,,, and F,. (8)

We will now show that any sequence, Fy,, for which statement (8) holds and for
which Fy = 0, satisfies Theorem A.

First it is clear that statement (8) may be extended by induction on & to
the rule

d divides F,,, and F, if and only if d divides Fp, 1k, and Fy,
where k is any nonnegative integer. This result may be stated more succinctly:
d divides Fy, mod » and F,, if and only if d divides F,,, and F,. (9)

Now if r is the remainder after division of m by n, that is, if 7 = m mod n,
then the common divisors of {Fp,, F,,} are the common divisors of {F,,, F.}. It
follows that throughout the manipulations of Algorithm 1.1E the set of common
divisors of {F},, F,} remains unchanged as m and n change; finally, when r = 0,
the common divisors are simply the divisors of Fy =0 and Fgeq(m,n)- 1

Most of the important results involving Fibonacci numbers can be deduced
from the representation of Fj, in terms of ¢, which we now proceed to derive.
The method we shall use in the following derivation is extremely important, and
the mathematically oriented reader should study it carefully; we will study the
same method in detail in the next section.

We start by setting up the infinite series

G(Z):F0+F1Z+F22!2+F3Z3+F4Z4+~~- .
=z24+22 4223432+, (10)
We have no a priori reason to expect that this infinite sum exists or that the
function G(z) is at all interesting— but let us be optimistic and see what we
can conclude about the function G(z) if it does exist. The advantage of such a
procedure is that G(z) is a single quantity that represents the entire Fibonacci
sequence at once; and if we find out that G(z) is a “known” function, its
coefficients can be determined. We call G(z) the generating function for the
sequence (F),).
We can now proceed to investigate G(z) as follows:

2G(2) = Foz + F122 + Fp2® 4 Fy2* + - -+

22G(2) = Fo2? + F12° + Foz* + ..+
by subtraction, therefore,

(1 -z — Zz)G(Z) = F() -+ (Fl - FO)Z + (Fz - F1 - F())Z2
+(Fs—Fy— Fy)2° + (Fy — Fy — B)a" 4 - .
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All terms but the second vanish because of the definition of F},, so this expression
equals z. Therefore we see that, if G(z) exists,

G(z) = z/(1 — z — 2%). (11)

In fact, this function can be expanded in an infinite series in z (a Taylor series);
working backwards we find that the coefficients of the power series expansion of
Eq. (11) must be the Fibonacci numbers.

We can now manipulate G(z) and find out more about the Fibonacci se-
quence. The denominator 1 — z — 22 is a quadratic equation with the two roots
-1+ V/5); after a little calculation we find that G(z) can be expanded by the
method of partial fractions into the form

1 1 1
s -5 (e ma) o)
where
§=1-0¢=31-V5). (13)

The quantity 1/(1 — ¢z) is the sum of the infinite geometric series 1 + ¢z +
$%2% 4+ -- -, so we have

1 2
G2)= —=(1+¢z+¢*22+---—1—-Fz— %22 —--.).
(2) 7 (I+¢z+¢ Pz—-¢ )
We now look at the coefficient of 2™, which must be equal to F,, and we find
that

Fp= % (6" — ™). (14)

This is an important closed form expression for the Fibonacci numbers, first
discovered by A. De Moivre early in the eighteenth century. (See De Moivre's
Miscellanea Analytica (London: 1730), 2642, where the solution to general linear
recurrences is obtained in essentially the way we have derived (14).)

We could have merely stated Eq. (14) and proved it by induction. However,
the point of the rather long derivation above was to show how it would be
possible to discover the equation in the first place, using the important method
of generating functions, which is a valuable technique for solving a wide variety
of problems.

Many things can be proved from Eq. (14). First we observe that @ is a
negative number (—0.61803...) whose magnitude is less than unity, so #" gets
very small as n gets large. In fact, the quantity #"/+/5 is always small enough
so that we have

E, = ¢>"/\/5 rounded to the nearest integer. (15)

Other results can be obtained directly from G(z); for example,

1 1 1 2
G<z)2:5((1—¢z>2+<1—az>2‘1—z—z2>’ (6)
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and the coefficient of 2" in G(2)? is Y_p_, FxFn—k- We deduce therefore that

> FeFaok = EH((n+1)(¢" + ™) — 2Fp1)
=0 = 1((n + 1)(Fn +2Fn 1) — 2Fn 1)
" =lm-1)F, +nF. (17)

(The second step in this derivation follows from the result of exercise 11.)

EXERCISES

1. [10] What is the answer to Leonardo Fibonacci’s original problem: How many
pairs of rabbits are present after a year?

> 2. [20] In view of Eq. (15), what is the approximate value of Figp0? (Use logarithms
found in Appendix A.)

3. [25] Write a computer program that calculates and prints F) through Figeo in
decimal notation. (The previous exercise determines the size of numbers that must be
handled.)

> 4. [14] Find all n for which F, =n.
5. [20] Find all n for which F, = n®.
6. [HM10] Prove Eq. (5).

» 7. [15] If nis not a prime number, F;, is not a prime number (with one exception).
Prove this and find the exception.

8. [15] In many cases it is convenient to define F;, for negative n, by assuming that
Fri2 = Fhy 1+ F, for all integers n. Explore this possibility: What is F_;? What is
F_3? Can F_,, be expressed in a simple way in terms of F,,?

9. [M20] Using the conventions of exercise 8, determine whether Egs. (4), (6), (14),
and (15) still hold when the subscripts are allowed to be any integers.
10. [15] Is ¢"/V/5 greater than F), or less than F,,?
11. [M20] Show that ¢™ = Fpn¢p+ Fr—1 and " = Fn@ + Fn_1, for all integers n.
> 12. [M26] The “second order” Fibonacci sequence is defined by the rule
-7:020, -7:121, -7:n+2:-7:n+1+]:n+Fn-
Express F,, in terms of F, and F, ;1. [Hint: Use generating functions.]

» 13. [M22] Express the following sequences in terms of the Fibonacci numbers, when
r, 8, and ¢ are given constants:

a) G =7, a1 =S$; Gni2 = an41+ an, for n > 0.
b) bo=0,b =1; buyo =bpi1 +bn+c, forn>0.
14. [M28] Let m be a fixed positive integer. Find a,, given that
ap=0, a1=1 an+2:an+1+an+(;), for n > 0.
15. [M22] Let f(n) and g(n) be arbitrary functions, and for n > 0 let
a0 =0, a1=1, any2 =ant1+an+ f(n);
bO = 07 b1 = 1, bn+2 = bn+1 + bn +g(n)7
=0, a=1, cnp2=Ccay1+cn+zf(n)+yg(n).

Express ¢, in terms of z, y, an, bn, and Fj,.
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16. [M20] Fibonacci numbers appear implicitly in Pascal’s triangle if it is viewed from
the right angle. Show that the following sum of binomial coefficients is a Fibonacci

number: i ( "k )
per AN
17. [M24] Using the conventions of exercise 8, prove the following generalization of
Eq. (4).‘ Fn+k:Fm—k: d FnFm = (-—l)nFm_n_ka.
18. [20] Is F? 4 F2,, always a Fibonacci number?
+19. [M27] What is cos 36°7
20. [M16]) Express >.p_, Fi in terms of Fibonacci numbers.
21. [M25] Whatis 3 p_, Fxa*?
22. [M20] Show that 3, (%)Fmtk is a Fibonacci number.
23. [M23] Generalizing the preceding exercise, show that >, (:)Fthti_lka+)g is
always a Fibonacci number.
24. [HM20] Evaluate the n x n determinant

1 -1 0 0 ... 00 o0
1 1 -1 0 ... 00 0
0 1 1 -1 ... 00 0
0 0 0 0 01 1
25. [M21] Show that N\ L (k—1)/2
2"F, =2 S
> (3)

kodd

26. [M20] Using the previous exercise, show that F, = 5(*=1/2 (modulo p) if p is an
odd prime.

27. [M20] Using the previous exercise, show that if p is a prime different from 5, then
either F,,_1 or Fp;1 (not both) is a multiple of p.

28. [M21] What is Fny1 — ¢Fn?
29. [M23] (Fibonomial coefficients.) Edouard Lucas defined the quantities
(n) — FnFn—l e Fn—k+1 — rk[ (Fn—k+j>
k /s FiFr_1...Fy F;

j=1

in a manner analogous to binomial coefficients. (a) Make a table of (}) Ffor0<k<
n < 6. (b) Show that (%), is always an integer because we have

n n—1 n—1
(k);—Fk'l( k >,~.+F""°+1(k—1>f‘

30. [M38] (D. Jarden, T. Motzkin.) The sequence of mth powers of Fibonacci num-
bers satisfies a recurrence relation in which each term depends on the preceding m + 1
terms. Show that

Z(’]’:) (~1)[m=RR Fm-l — 0 ifm > 0.
& F

For example, when m = 3 we get the identity F? - 2F3+1 - 2F,f+2 + F,f+3 =0.
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31. [M20] Show that Fo,¢modl=1-— ¢ 2" and Fopp1pmod 1= ¢ 2",
32. [M24] The remainder of one Fibonacci number divided by another is + a Fibo-
nacci number: Show that, modulo F,

., if mmod 4 = 0;
P _J (-1 F,._,, ifmmod4=1;
T ) (—1) Fy, if mmod 4 = 2;

(=)™ F, ., if mmod4 =3.

33. [HM24] Given that z = n/2 4+ iln¢, show that sinnz/sinz = i' "™ F,.
34. [M24] (The Fibonacci number system.) Let the notation k >> m mean that k& >
m+ 2. Show that every positive integer n has a unique representation n = Fj, + F, +
+o-+ Fy,, where ky > k2> - > k. > 0.
35. [M24] (A phi number system.) Consider real numbers written with the digits 0
and 1 using base ¢; thus (100.1)4 = ¢® + ¢~'. Show that there are infinitely many
ways to represent the number 1; for example, 1 = (.11)¢ = (.011111...)4. But if
we require that no two adjacent ls occur and that the representation does not end
with the infinite sequence 01010101. .., then every nonnegative number has a unique
representation. What are the representations of integers?
36. [M32] (Fibonacci strings.) Let S1 = “a”, S2 = “b”, and Sny2 = Snt415s, n > 0;
in other words, S, 42 is formed by placing S, at the right of S,41. We have S3 = “ba”,
S4 = “bab”, S5 = “babba’, etc. Clearly S, has F, letters. Explore the properties of
Sn. (Where do double letters occur? Can you predict the value of the kth letter of S,?
What is the density of the ’s? And so on.)
37. [M35] (R. E. Gaskell, M. J. Whinihan.) Two players compete in the following
game: There is a pile containing n chips; the first player removes any number of chips
except that he cannot take the whole pile. From then on, the players alternate moves,
each person removing one or more chips but not more than twice as many chips as the
preceding player has taken. The player who removes the last chip wins. (For example,
suppose that n = 11; player A removes 3 chips; player B may remove up to 6 chips,
and he takes 1. There remain 7 chips; player A may take 1 or 2 chips, and he takes 2;
player B may remove up to 4, and he picks up 1. There remain 4 chips; player A now
takes 1; player B must take at least one chip and player A wins in the following turn.)

What is the best move for the first player to make if there are initially 1000 chips?
38. [35° Write a computer program that plays the game described in the previous
exercise and that plays optimally.
39. [M24] Find a closed form expression for an, given that ap = 0, ay = 1, and
An+42 = Qn41 + 6a, for n > 0.
40. [M25] Solve the recurrence

f)=0; f(n)= or<n1ci£n max(1+ f(k),2 + f(n—k)), forn>1.

41. [M25] (Yuri Matiyasevich, 1990.) Let f(z) = | + ¢™']. Prove that if n =
Fy, +-- -+ Fj, is the representation of n in the Fibonacci number system of exercise 34,
then Fi, 11 + -+ + Fk.+1 = f(¢n). Find a similar formula for Fi, 1 +--- + F, ;.
42. [M26] (D. A. Klarner.) Show that if m and n are nonnegative integers, there is a
unique sequence of indices k) > k2 > -+ > k, such that

m=Fy + Fy, + -+ Fy,, n=Fi+1+Fer1 4+ + Feq1.
(The k’s may be negative, and r may be zero.)
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1.2.9. Generating Functions

Whenever we want to obtain information about a sequence of numbers {(a,) =

ap, 1,03, ..., We can set up an infinite sum in terms of a “parameter” z,
Glz)=ap+arz+azz* +--- = E anz". (1)
n>0

We can then try to obtain information about the function G. This function is a
single quantity that represents the whole sequence; if the sequence (a,) has been
defined inductively (that is, if a, has been defined in terms of ag,as,...,an—1)
this is an important advantage. Furthermore, we can recover the individual
values of ag, a1, ... from the function G(z), assuming that the infinite sum in
Eq. (1) exists for some nonzero value of z, by using techniques of differential
calculus.

We call G(z) the generating function for the sequence ag, a1, az, .... The
use of generating functions opens up a whole new range of techniques, and
it broadly increases our capacity for problem solving. As mentioned in the
previous section, A. De Moivre introduced generating functions in order to solve
the general linear recurrence problem. De Moivre’s theory was extended to
slightly more complicated recurrences by James Stirling, who showed how to
apply differentiation and integration as well as arithmetic operations [Methodus
Differentialis (London: 1730), Proposition 15]. A few years later, L. Euler began
to use generating functions in several new ways, for example in his papers on
partitions [Commentarii Acad. Sci. Pet. 13 (1741), 64-93; Novi Comment. Acad.
Sci. Pet. 3 (1750), 125-169)]. Pierre S. Laplace developed the techniques further
in his classic work Théorie Analytique des Probabilités (Paris: 1812).

The question of convergence of the infinite sum (1) is of some importance.
Any textbook about the theory of infinite series will prove that:

a) If the series converges for a particular value of z = zp, then it converges for
all values of z with [z| < [z

b) The series converges for some z # 0 if and only if the sequence ({‘/lan[) is
bounded. (If this condition is not satisfied, we may be able to get a conver-
gent series for the sequence (a,/n!) or for some other related sequence.)

On the other hand, it often does not pay to worry about convergence of
the series when we work with generating functions, since we are only exploring
possible approaches to the solution of some problem. When we discover the
solution by any means, however sloppy, we may be able to justify the solu-
tion independently. For example, in the previous section we used a generating
function to deduce Eq. (14); yet once such an equation has been found, it is a
simple matter to prove it by induction, and we need not even mention that we
used generating functions to discover it. Furthermore one can show that most
(if not all) of the operations we do with generating functions can be rigorously
justified without regard to the convergence of the series. See, for example, E. T.
Bell, Trans. Amer. Math. Soc. 25 (1923), 135-154; Ivan Niven, AMM 76 (1969),
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871-889; Peter Henrici, Applied and Computational Complex Analysis 1 (Wiley,
1974), Chapter 1.
Let us now study the principal techniques used with generating functions.

A. Addition. If G(z) is the generating function for (a,) = ag,a;,... and
H(z) is the generating function for (b,) = by, b1, ..., then aG(z) +BH(z) is the
generating function for {aa, + Bbn) = aay + Bby, aay + Bby, . ..:

aZanz" +ﬂ2bnz" = X:(ozan + Bb,) 2" (2)
n>0 n>0 n>0

B. Shifting. If G(z) is the generating function for (a,) = ag,a1,... then

2z™(G(z) is the generating function for (an_m) =0,...,0,a0,0a1,...:
Y 4t = Y an (3)
n>0 n>m

The last summation may be extended over all n > 0 if we regard a,, = 0 for any
negative value of n.

Similarly, (G(z) —ap—ai12— -+ —@m-12™"")/2™ is the generating function
for (@nim) = am,amyi1, .. -
=™ Z anz" = Z Antm2™. (4)
n>m n>0

We combined operations A and B to solve the Fibonacci problem in the
previous section: G(z) was the generating function for (Fy), 2G(2) for (Fr_1),
z?G(z) for (F,,_3), and (1 — z — 2?)G(z) for (F, — F,_1 — F,_5). Then, since
F, — F,_, — F,_, is zero when n > 2, we found that (1 — 2z — 22)G(2) is a
polynomial. Similarly, given any linearly recurrent sequence, that is, a sequence
where a, = c1a,_1 + -+ CmGn_m, the generating function will be a polynomial

divided by (1 — c1z — -+ — cm2™).

Let us consider the simplest example of all: If G(z) is the generating func-
tion for the constant sequence 1,1,1,..., then 2G(z) generates 0,1,1,..., so
(1—2)G(2z) = 1. This gives us the simple but very important formula

1 .
T, = ltete (5)

C. Multiplication. If G(z) is the generating function for ag,a,,... and H(z)
is the generating function for by, b1, ..., then

G(2)H(2) = (ap+ a1z +azz® + -+ )(bo + brz + by2® + - --)
= (ap + bo) + (aghy + arbo)z + (aobz +a1by + azby)z* + -+ -;

thus G(z)H(z) is the generating function for the sequence cy,cy, ..., where

n

Cp = Zakbn_k. (6)

k=0
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Equation (3) is a very special case of this. Another important special case occurs
when each b, is equal to unity:

1 .
TZG(z) =ap+(ap +a1)z +(ap + a1 +az)z” +---. (7

Here we have the generating function for the sums of the original sequence.
The rule for a product of three functions follows from (6); F(z)G(z)H(z)
generates dg, dy,ds, ..., where

dn, = E a; bj Ck. (8)
%,5,k>0
i+jt+k=n

The general rule for products of any number of functions (whenever this is

meaningful) is
H Zajkzk = Z 2" Z QOko A1k, - - - - (9)

J>0 k>0 n>0  ko,k1,...>20
ko+ki+--=n
When the recurrence relation for some sequence involves binomial coeffi-
cients, we often want to get a generating function for a sequence ¢y, ¢y, ... defined
by
n
n=" :(k)akbn_k. (10)
k

In this case it is usually better to use generating functions for the sequences
(an/nY), (bn/nl}, (cn/n!), since we have

bo b bzz
(ot g ) (o) = (3G o)
(11)
where ¢, is given by Eq. (10).

D. Change of 2. Clearly G(cz) is the generating function for the sequence

ap,cay,c?ay, .. .. As a particular case, the generating function for 1,¢,c?,c3, ...

is 1/(1 — c2).

There is a familiar trick for extracting alternate terms of a series:

5(G(2) +G(=2)) =a0 + a22® + a2 + -,
%(G(z) - G(—z)) = a1z + as?® + a5z® +

Using complex roots of unity, we can extend this idea and extract every mth

term: Let w = ¢?™/™ = cos(2r/m) + i sin(27/m); we have

(12)

1
Z anz" = — Z wkGW*2), 0<r<m. (13)
n mod m=r m 0<k<m
(See exercise 14.) For example, if m = 3 and r = 1, we have w = —% + —Z\gz,

a complex cube root of unity; it follows that

a1z +as2* +ar2” + - = HG(2) +w T G(wz) + w2 G(w?z)).
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E. Differentiation and integration. The techniques of calculus give us further
operations. If G(z) is given by Eq. (1), the derivative is

G'(2) = ay +2apz +3a52” + - = Y _(k+1)agp12*. (14)
k>0

The generating function for the sequence (na,) is zG’(z). Hence we can combine
the nth term of a sequence with polynomials in n by manipulating the generating
function.

Reversing the process, integration gives another useful operation:

z 1 . 1 . 1
/ G(t)dt =apz + —a12* + —a2® + - :Z——ak_lzk. (15)
0 2 3 = k
As special cases, we have the derivative and integral of (5):
1 .
s =14+ 22+ 322 4 =) (k+ 1) (16)
(1-2) k>0
1
lnl_z—z+2z+ z+ kzx (17)

We can combine the second formula with Eq. (7) to get the generating function
for the harmonic numbers:

1 1 3 11
1 =z4 224+ = E H 8
l—znl—z z 2z+ PRI Z 2" (18)

F. Known generating functions. Whenever it is possible to determine the
power series expansion of a function, we have implicitly found the generating
function for a particular sequence. These special functions can be quite useful
in conjunction with the operations described above. The most important power
series expansions are given in the following list.

i) Binomial theorem.

(1+z)r=1+rz+£(1;—1)z2+---=§]<;)zk. (19)

When 7 is a negative integer, we get a special case already reflected in Eqgs. (5)

and (16):
S S G ER

k>0
There is also a generalization, which was proved in exercise 1.2.6-25:
r(r—-2t—1) 4 _ (r—kt) Tk
R DI (R e S

k>0

' =14rz+

if z is the continuous function of z that solves the equation zt*! = ! + z, where
=1 when z = 0.
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i) Ezponential series.

1 . 1
esz:ez:1+z+§zz+-~~=ZEzk. (22)
! el

In general, we have the following formula involving Stirling numbers:

1 1 k
(eF — 1) = z"+m{“z }z"+1 e :n!Z{n}zk/k:!. (23)
k

ili) Logarithm series (see (17) and (18)).

ln(1+z):z—%z2+%z3—~-=z—(_—1])€tzk, (24)
k>1
(1 — i)m+1 111(1 1 Z) = Z(H"H_k — Hm)(m’:_k> zk. (25)

k>1

Stirling numbers, as in (23), give us a more general equation:

I\, L 41y 0 [k] k1
(lnl—z> =z +n+1[ " ]z + —n.zk: N 2°/kt. (26)

Further generalizations, including many sums of harmonic numbers, appear in
papers by D. A. Zave, Inf. Proc. Letters 5 (1976), 75-77; J. SpieB, Math. Comp.
55 (1990), 839-863.

iv) Miscellaneous.

z(z+1)...(z+n—1)=2[2]zk, (27)
k
z" k
1-2)(1-22)...(1—nz) Xk:{n}zk’ (28)
z 1 1, By 2*
=157t 37 +-~~=;) Zf (29)

The coefficients By that appear in the last formula are the Bernoulli numbers;
they will be examined further in Section 1.2.11.2. A table of Bernoulli numbers
appears in Appendix A.

The next identity, analogous to (21), will be proved in exercise 2.3.4.4-29:

+ 2t) . +]€tk_1
D Dha e (30)
k>0 :

if z is the continuous function of z that solves the equation z = e”t, wherez =1
when z = 0. Significant generalizations of (21) and (30) are discussed in exercise
4.7-22.
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G. Extracting a coefficient. It is often convenient to use the notation
[2"] G(2) (31)

for the coefficient of 2™ in G(z). For example, if G(z) is the generating function
in (1) we have 2"} G(2) = a, and [z"]G(2)/(1 — 2) = > ;p_,ak. One of the
most fundamental results in the theory of complex variables is a formula of
A. L. Cauchy [Exercices de Math. 1 (1826), 95-113 = (Euvres (2) 6, 124-145,
Eq. (11)], by which we can extract any desired coeflicient with the help of a

contour integral:
n 1 G(z)dz
("] 6(2) = 5 ;lf_ e (32)

if G(2) converges for z = 2y and 0 < r < [2]. The basic idea is that flzl:r 2™ dz
is zero for all integers m except m = —1, when the integral is

(reie)—l d(reie) =1 d6 = 2mi.

Equation (32) is of importance primarily when we want to study the approximate
value of a coefficient.

We conclude this section by returning to a problem that was only partially
solved in Section 1.2.3. We saw in Eq. 1.2.3—(13) and exercise 1.2.3-29 that

n 2 n
Z ZiT; %(Zxk> + %(Zxﬁ>,
k=1 k=1

1<i<j<n
1 n 3 1 n n 1 n
> samm= () +5(La) (Sat) +5(3a2)
1<i<j<k<n k=1 k=1 k=1 k=1

In general, suppose that we have n numbers z,zs, ..., z, and we want the

sum
hm = Z Ty ... Ty, (33)
1<ji<<jm<n
If possible, this sum should be expressed in terms of S;, Ss, ..., Sy, where
n .
S; =Y 7 (34)

k=1

the sum of jth powers. Using this more compact notation, the formulas above
become hy = 152 + 18y; hy = 187 + 1518, + }Ss.
We can attack this problem by setting up the generating function

G(2) =1+ hz+hoz +--- = hyeat. (35)
k>0






