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Abstract—The concepts of algorithm dynamics are proposed.

Simulated annealing algorithm is analyzed by algorithm
dynamics method. In the optimization progress metropolis
criteria acts as an important role to construct simulated
annealing algorithm. The metropolis criteria leads
algorithm system to the ground state. At high temperature
metropolis criteria make the algorithm system move like
free particles, in this stage classic thermodynamics is
suitable to analyze the algorithm. At low temperature
metropolis criteria restricts the algorithm system vibration
in the local area like crystal lattice vibration, in this stage
quantum theory is suitable to analyze the algorithm.
According to quantum dynamics the solution’s distribution
of algorithm is Gaussian function. This results can interpret
the implicit parallelism of algorithm. Uncertainty principle
of algorithm (UPA) is proposed based on algorithm
dynamics too. It indicates that precision and implicit
parallelism of algorithm can’t achieve at the same time.
Finally computational complexity is analyzed by
thermodynamics. This method can get the lower bound of
the algorithm easily. The computational complexity of sort
problem’s lower bound is analyzed by thermodynamics
method. The computational complexity is decided only by
initial state and final state of the problems. The algorithm’s
details are needless in this method.

Index Terms—algorithm dynamics, simulated annealing

algorithm, implicit parallelism, quantum mechanics,
thermodynamics, uncertainty principle of algorithm

|. INTRODUCTION

Everything in the world is motive including algorithms.

Algorithm is a time evolution system. In physics the term
dynamics customarily refers to the time evolution of
physical processes. These processes may be microscopic
as in particle physics, kinetic theory, and chemical
reactions, or macroscopic as in the predictions of
statistical mechanics and nonequilibrium
thermodynamics[1]. Dynamics has a complete theoretical
system. It would become a powerful tool to research the
algorithm. We named this method algorithm dynamics.
Bornholdt introduced a dynamics annealing schedule
for population-based optimization algorithm in 1999.[2]
Then Bennett researched the mathematical modeling of
genetic algorithm dynamics in 2001[3]. Thermodynamics

is used to research genetic algorithm in his theory[4, 5, 6].

Quantum is also used to analyze genetic algorithm by
some researchers[7]. This method is called algorithm
dynamics. In fact a lot of optimization algorithms haven’t
complete theoretical foundation though they have been
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used in some fields widely [8], [9], [10], [11], [12], [13].
We need a powerful tool to help us analyze the algorithm.
Quantum mechanics and thermodynamics are important
dynamics theories in physics. In this paper we use them
to analyze simulated annealing algorithm and
computational complexity.

I1. DYNAMICS ANALYSIS OF SIMULATED
ANNEALING ALGORITHM

The computing progress of algorithm is a dynamic
process similar to other movement process in nature. A
lot of algorithms haven’t set up a complete theoretical
foundation especially some intelligent optimization
algorithm. We think that the dynamics theory would be a
useful tool to analyze characteristics of algorithms. This
method is named algorithm dynamics. In this section we
will analyze the simulated annealing algorithm by
dynamics theory.

Simulated annealing (SA) is a generic probabilistic
metaheuristic for the global optimization problem of
applied mathematics, namely locating a good
approximation to the global minimum of a given function
in a large search space. It is often used when the search
space is discrete (e.g., all tours that visit a given set of
cities). For certain problems, simulated annealing may be
more effective than exhaustive enumeration — provided
that the goal is merely to find an acceptably good solution
in a fixed amount of time, rather than the best possible
solution.

This method was independently described by S.
Kirkpatrick, C. D. Gelatt and M. P. Vecchi in 1983,[14]
and by V. Cerny in 1985. The method is an adaptation of
the Metropolis-Hastings algorithm, a Monte Carlo
method to generate sample states of a thermodynamic
system, invented by N. Metropolis et al in 1953.[15]

A. Simulated Annealing Algorithm’s Dynamics Process

The simulated annealing algorithm’s inspiration come
from annealing in metallurgy, a technique involving
heating and controlled cooling of a material to increase
the size of its crystals and reduce their defects. The heat
causes the atoms to become unstuck from their initial
positions (a local minimum of the internal energy) and
wander randomly through states of higher energy; the
slow cooling gives them more chances of finding
configurations with lower internal energy than the initial
one. The result of competition between energy and
entropy is equilibrium. The temperature decides the
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weight of energy and entropy. At low temperature energy
is the main factor; at high temperature entropy is the main
factor. So annealing process is divided into two stages:
High temperature and low temperature.

High  temperature:  This stage is  classic
thermodynamics process. According to metropolis
criteria () algorithm accepts the worse solution at high
probability. The algorithm’s dynamics behavior is
random movement in search space. In this stage
metropolis criteria act as the driving force of algorithm
movement. We can use classic thermodynamics and
Brownian motion theory to describe this stage. We named
it classic dynamics stage.

Low temperature: This stage is quantum mechanics
process. Metropolis criteria () restricts the solution to
move in the search space freely, because it accepts the
worse solution at very low probability. Crystal lattice
vibration theory could describe the algorithm’s dynamics
behavior at low temperature. In this stage energy
becomes the main factor of the algorithm system. We
named it quantum dynamics stage.

Figure 1 describes the two stages of simulated
annealing algorithm with different temperature. Along
with temperature improves the entropy of algorithm
system improves too. At high temperature the algorithm
system can be analyzed by classic thermodynamics; at
low temperature the algorithm system can be analyzed by
quantum mechanics.

N\ Entropy

Liquid

! T
Crystal ! -
Quantum Classic
Mechanics Dynamics

Figure 1. Two stages of simulated annealing algorithm

B. Low Temperature Dynamics Behavior of Simulated
Annealing Algorithm

When the temperature T is low enough the simulated
annealing algorithm’s behavior like a kind of crystal
lattice vibration. The algorithm system is restricted within
local area at low temperature by metropolis criteria. We
can use the crystal lattice vibration theory to explain the
algorithm’s behavior. The only problem is that the
vibration is classic or quantum vibration.

In order to explain the algorithm dynamics at low
temperature, we must compare the solid theory with
simulated annealing algorithm. The crystal lattice can be
seen as the search space of algorithm; the equilibrium
position of atom is position of solution.

Assume that the equilibrium position of the N th atom

is Xr? , Deviation from the equilibrium position

displacement is U, . The N th atom’s instantaneous

position is
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X, =X, +U, 1)
Let (X, + X,) is the potential energy between two

atoms. The potential energy of the entire lattice is the sum
of all the pairwise potential energies:

Z¢(Xm - Xn)

m(m=n)

N
= Z(D(Xr?w - Xr? +Uy, _un) 2)

m(m=n)

N
0
= Z@(an + umn)
m(m=n)
Where
0 0 0
Xon = Xm — X5
Upn =Uy, — U,
0
Xon = X — Xy = Xy U,

Exponding of potential energy V_

i(p(xﬁ;m > (8% .

m(m=n) m(m=n)
(©)
+ —_
m(m:tn)
Where Vn0 = Z (an) (_) 0
m(m=n
82(p
So V V + z ( ) ca (4)
m(m¢n) Xinn
Suppose stubborn coefficient K = = (6 2 )
V V0+_ ZKmn mn T (5)
m(m=n)
The N th atom’s restoring force is
oV 10 <
Fn:_ n—-_-~-_- ZKmnuén_F... (6)
al"In 2 aun m(m=n)

If we only consider harmonic oscillation and nearest
neighbor atoms the restoring force F, can be written as
follows:

I:n = _K(un+l +U,; — 2un) (7

According to this equation, we can conclude that at
low temperature the dynamics behavior of simulated
annealing algorithm is similar to harmonic oscillation of
crystal lattice (Figure 2). The algorithm’s search space is

restricted to vibrate around the solution by metropolis
criteria at low temperature.
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X

Figure 2. Dynamics behavior of simulated annealing algorithm at low
temperature

C. Simulated Annealing Algorithm’s One-dimensional
Quantum Harmonic Oscillator Description at Low
Temperature

Simulated annealing algorithm’s dynamic behavior is

not like classic crystal lattice vibration at low temperature.

We can use quantum harmonic oscillator theory to
explain algorithm dynamic. There are two reasons:

1. Though the metropolis criteria restricts the
algorithm vibrate in the local area at low temperature but
the metropolis criteria also allow the algorithm jump out
the local area at low probability. The system may move to
the new state even when it is worse than the current one.

2. The solution of simulated annealing algorithm is not
exact solution. It is only a kind of probability distribution
like quantum wave function.

Based on quantum harmonic oscillator theory and
ensemble theory the group behavior of algorithm system
can be equivalent to harmonic oscillator drived by
generalized restoring force according to complex system
theory. Comparing the harmonic oscillator we define F
as generalized restoring force, K as generalized
stubborn coefficient, X as displacement from solution.

According to Hooke’s law ( F =—KX ) generalized
restoring force F proportional to the displacement X .
The solution of problem is just the equilibrium position
of harmonic oscillator (X = 0). The generalized potential

1
energy of the algorithm system is V(X):EKX2

(Figure 3).
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Figure 3. Generalized potential energy curve of algorithm

is the Hooke theorem. Let denotation m
Then

w=+K/m , @ is frequency of classic harmonic

oscillator. The Hamiltonian for this system is
2

H=P" Lhery )
2m 2

This
represents the mass of harmonic oscillator.
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Where operator p is momentum

operator p = —ii"ti
dx

So stationary state Schrodinger equation of harmonic
oscillator can be written as follows

h? d® 1
[—%W"‘Emwzxz]l//(x) =Ey(x) 9)
Let S =ax a=-/mw/h

The solution of Schrodinger equation is
v, (0 = Ae " PH, (ax) (10)

Figure 4. Wave function of quantum harmonic oscillator

Figure 4 describes the wave function of quantum
harmonic oscillator at different energy levels. It is a
typical quantum wave function.

H, (ax) is Hermite polynomial.
The energy levels of different wave function is

E, =(n+1/2)hw (11)
The wave function of ground state s

_ -a’x?/2 - - -
v, = Ae . Its form is Gaussian function.

According to the Copenhagen interpretation of quantum
mechanics the wave function is probability. It tells us that
the solution of problem is not exact. It only appears in
search space according to Gaussian distribution. We
know that the simulated annealing algorithm can’t obtain
the problem’s exact solution. The quantum harmonic
oscillator theory accords with this phenomenon exactly. It
indicates that an algorithm system must on ground state
of quantum mechanics and thermodynamics when the
optimization progress stops.

We know that when the algorithm system is at ground
state the problem’s solution distribution is Gaussian
function. The Gaussian curve shape is decided by
generalized stubborn coefficient K of algorithm system.

y:e-a2x2/2
4;
35+
3;
> 25¢
2;
15t k-0
]
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X

L L L L
02 04 06 08 1

Figure 5. Wave function of ground state( k—>0 )
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If K — 0 the shape of Gaussian curve is a wide
curve(Figure 5). It implies that algorithm can obtain the

exact solution at low probability. If K =0, y, = A,,

A, is constant. It implies that algorithm hasn’t

information about position of solution.
22

y:e-a X12
1 T T T T T T T T T

Figure 6. Wave function of ground state( k > )

If K — oo the shape of Gaussian curve is a narrow
curve(Figure 6). It implies that algorithm can obtain the

exact solution at high probability. If K =00 v, is &

function. At this condition the algorithm can obtain the
exact solution.

For generalized stubborn coefficient K, K oc Inf |

Inf is information. If Inf =0 the wave function is
constant we can’t get the solution of problem by
algorithm; If Inf =oo the wave function is & function
we can get the exact solution of problem by algorithm.
The value of Inf is decided by heuristic rules, iteration
number etc.

. . . -1 .
For classic harmonic oscillator model |x|>a is

forbidden region. But for quantum harmonic oscillator
model the solution of problem can appear in classic
forbidden region at low probability, this phenomenon is
accord with the metropolis criteria.

Based on the above discussion we consider that
simulated annealing algorithm constructs a kind of quasi
quantum system its dynamic behavior accords with
quantum mechanics at low temperature.

D. Implicit Parallelism of Simulated Annealing Algorithm

Implicit parallelism is an important character of some
intelligent  optimization  algorithm.  The implicit
parallelism of genetic algorithm has been research by
Holland, Dorigo, Wright, Ding Li-xin, Zhang Guang-duo
et al. [16], [17], [18], [19], [20], [21] But the essences of
implicit parallelism haven’t be realized by scientists.
Implicit parallelism makes some algorithms more
effective than exhaustive enumeration. We consider that
the implicit parallelism is an important character of
simulated annealing algorithm.  The intelligent
optimization algorithm’s goal is merely to find an
acceptably good solution in a fixed amount of time, rather
than the best possible solution. This implies that the
implicit parallelism is related to uncertainty. The
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quantum harmonic oscillator model of algorithm has told
us this result.

The ground state of quantum harmonic oscillator
dynamics model of algorithm is Gaussian wave function

2,2
w,=Ae"*" 2 Gaussian wave function indicates that

we can’t get the exact solution of problem with 100%
probability. Probability amplitude of ground state
is(Figure7):

lwo(x) = exp(— a2x2) (12)

: : 1
The solution appears at interval |X| <—,s0
a

AX = — (13)

AX is uncertainty degree of solution. If AX=0 the
algorithm gets the exact solution and hasn’t implicit
parallelism. The algorithm becomes the exhaustive
enumeration algorithm.

- -élZX2 —
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0 8 6 4 2 0 2 4 6 8 10

Figure 7. Gaussian wave packet

The Fourier translation of l//o(X) is (Figure
8)

1 +oo —ikx 1
p(k)= E.[_w%(x)e “dx = gexp(— k?/2a?)

o= Leolira) o

So

AK =~ a (15)
AK is named implicit parallelism degree.
y:e"‘zlazla2 (a=05)
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Figure 8. Fourier translation of Gaussian wave packet

According to AX and AK we get uncertainty
principle of algorithm(UPA)
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AX-Ak =1 (16)

This equation is the uncertainty principle of algorithm
like Heisenberg uncertainty principle of quantum
mechanics. [22] Uncertainty principle of algorithm
applicable to analyze any algorithms for example
simulated annealing algorithm, genetic algorithm and ant

colony algorithm. Kk named to implicit parallelism
operator.

Though the uncertainty principle of algorithm is
deduced from simulated annealing algorithm by quantum
harmonic oscillator it is a universal rule for any algorithm.
Uncertainty principle of algorithm indicates that any
algorithm can’t get high precision of solution and high
implicit parallelism degree at the same time. If we want
to construct an algorithm with high implicit parallelism
degree we must reduce the precision of solution.
Uncertainty principle of algorithm is an important
dynamics law of algorithm when we analyze the
algorithms.

[II. THERMODYNAMICS ANALYSIS OF COMPUTATIONAL
COMPLEXITY

In 1971 S.Cook laid the foundations for the theory of
NP-Completeness [23], [24], [25]. Computational
complexity theory, as a branch of the theory of
computation in computer science, investigates the
problems related to the amounts of resources required for
the execution of algorithms (e.g., execution time), and the
inherent difficulty in providing efficient algorithms for
specific computational problems[26]. Getting lower
bound of the problem is the chief task of computational
complexity though we don’t know the details of the
algorithm.

In theoretical analysis of algorithms it is common to
estimate their complexity in asymptotic sense, i.e., to
estimate the complexity function for reasonably large
length of input. Big O notation, omega notation and theta
notation are used to this end. For instance, binary search
is said to run an amount of steps proportional to a
logarithm, or in O(log(n)), colloquially "in logarithmic
time". Usually asymptotic estimates are used because
different implementations of the same algorithm may
differ in efficiency. However the efficiencies of any two
"reasonable” implementations of a given algorithm are
related by a constant multiplicative factor called hidden
constant.

Generally, the lower bound of computational
complexity is the important target of Algorithm
Optimization. The real challenge in complexity theory,
and the problem that sets the theory apart from the
analysis of algorithms, is proving lower bounds on the
complexity of specific problems. From 1970s, some
people wused energy and entropy to research the
computing process[27]. Energy and entropy are the
important physical quantities. Entropy has been used as
an important concept in information theory by
Shannon[28]. In this paper we use energy method to
analyze the computational complexity and entropy is also
used to calculate the lower bound of energy consumption.
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Based on the calculation of the problem’s lower bound of
energy consumption energy method can get the lower
bound of the computational complexity easily. It is the
physical lower bound of the computational complexity
and reflects the problem’s essences. Energy method is a
new method to calculate the computational complexity
and can also be used to research NP-Completeness
problems. Computational complexity is decided only by
initial state and final state of problems.

Computer system (include hardware and software) is
also a kind of thermodynamics system. Energy and
entropy are the important physical quantities to analyze
the thermodynamics system. In this paper we use energy
and entropy to compute the lower bound of energy,
thereby get the lower bound of computational complexity.

A. Landauer’s Theorem

Classic computer’s work process is an irreversible
process. It is an energy-consuming process requires the
input of energy.

In this section we consider the computer system as a
thermodynamics system. In 1961 Landauer [29]has
proved energy consumption of one bit by using
thermodynamics theory.

Landauer theorem: Energy consumption of 1 bit is

kT In2.

Where k is Boltzmann constant
( k=1.380658 x10# J/K > , T is system
temperature.

Landauer’s theorem is the lower bound of energy
comsumption.

B. Energy Consumption Theory
First we define Clausius entropy VS

2dQ
Aszg-slquf

Here S,and S, are initial state entropy and final state

(17

entropy respectively, VS is the entropy change of
system. Q is the quantity of heat.

For isothermal change process, system temperature
T is constant, so

1 2
AS=?LdQ=SZ—&
AQ=Qz_Ql=T(Sz_S1) (19)

We know temperature units is K (Kelvin) and entropy
units is J /K . So the units of T(S, =S, ) is energy
units J (Joule).

Theorem: The system’s energy consumption can be
calculate using VQ=T(S,-S,), if VQ>0 the
system will release the energy; if VQ < 0 the system

need input the energy.
According to this theorem the energy consumption can

be calculate when S;, S, and T are determined. In
other words we must know initial state entropy and final

(18)
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state entropy of system. The energy change is
proportional to the entropy change. Usually the entropy

Boltzmann expression S =K InQ is used to calculate

the entropy of system. Where ) is probability of
macroscopical state.

It is obvious that computational complexity is
proportional to energy consumption of system. So we
define the energy asymptotic notation E:

Definition of E: Given nonnegative functions f(n)
and g(n) defined on the positive integers, we write
f(n)=E(g(n)) if and only if there is a positive

constant C and an integer N such that
Cxg(n)< f(n),foral n>N .

There f(n) and g(n) represent the energy
consumption function of the problem,

f(n)g4VQHH T(S2 — Sl) |, nisthe problem scale.
The energy consumption and the computing time have
direct ratio relations so we propose the equivalent
theorem.

Equivalent theorem: E(g(n)) =Q(g(n))

According to this theorem we can use lower bound of
energy consumption to estimate the computational

complexity. E(g(n)) is the lower bound of the problem

and is independent of algorithm itself. This method
reflects the algorithm’s essences.

C. Energy Consumption of One Bit

For all algorithm the work is select the results from the
results space. This process is an entropy increase process
S0 we must input energy into this system. In this section
we will prove the lower bound of energy consumption
when the computer operates one bit.

One bit operate process of classic computer is shown
in Figure 9.

0 01 S
1 operate
Sl 1 SZ

Figure9. Operator one bit of classic computer

Before the computer operates this bit the system is in
the superposition state. The probability of this state is 1.
We don’t know whether this bit is 0 or 1. It is a kind of
balance state and has the maximal probability. After the
computer operates this bit the state of the system is
determined. Whatever the result is O or 1 it has 1/2
probability.

According to the entropy Boltzmann expression
S =kInQ and function (2) we can get to the lower
bound of one bit. Before we operator this bit € is equal

to 1. So the entropy of the system S, is

S, =klInl (20)
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After we operator this bit Q is equal to 1/2. So the
entropy of the system S, is

s, =kin (21)

This process is a kind of irreversible process it must
consume the energy. The consumption energy AQ is

AQ=T(S,-S,)=T(kIn1/2-kIn2)

=—kTIn2
So the lower bound when computer operates one bit is

kTih2 J.

D. Thermodynamics Analysis of Sort Problem

It is well known that the computational complexity
lower bound of sort problem is nlogn. In this section we
will prove it using thermodynamics analysis method[30].

Sort algorithm is a kind of widely used algorithm. First
we take example for ascending sort of three numbers. The
example is shown in Figure 10.

(22)
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é 316

3 361 136
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631

Figure 10. Ascending sort of three numbers

Before sorting the three numbers 1, 6, 3 are out of
order. This is a kind of balance state and the appearance

probability is 1. So Q=1. Three numbers have 6
permutations. The ascending permutation is only one
permutation of three numbers and its probability is 1/6.

After sorting €2 =1/6. The energy consumption can be
written as

Q=kT(In1/6—In1)

=kTIn1/6=-kTIn6
Sort algorithm is entropy reducing process. After
sorting the order of system is increased, this process is an
energy consumption process. When the sort numbers are

n the permutations is N!. After sorting the probability of

the system € is1/n!. We can get the lower bound of
energy consumption.

Q=kT(In1/n-In1)
=kT In1/nl=—KT Inn!

According to the energy asymptotic the notation E is
E(logn!). It is obvious that log(n!) =®(nlogn) . So
the lower bound of energy consumption is E(nlogn).

We have proposed energy consumption and
computational complexity are direct ratio

E(g(n)) =Q(g(n)) . So the computational complexity
lower bound of sort algorithm is Q(nlogn) .

(23)

(24)
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Thermodynamics analysis method reflects the
algorithm’s physics essences and can give physics limit
of the algorithm. The thermodynamics tells us that we
can’t find a sort algorithm whose computational
complexity is lower than Inn! and the lower bound of
sort problem is independent of details of sort algorithm.

IV. CONCLUSIONS

In this paper dynamics theories are used to analyze the
algorithm. Simulated annealing algorithm is divided to
two stages by dynamics theories. At high temperature the
simulated annealing algorithm is described as
thermodynamics system. At low temperature the
simulated annealing algorithm is described as quantum
harmonic oscillator system. The solution distribution of
simulated annealing algorithm can be described by
Gaussian function if the algorithm is seen as quantum
harmonic oscillator. In this theoretical framework implicit
parallelism and uncertainty principle of algorithm

(UPA) are proposed and analyzed. The results are
accord with the fact.

Finally we use thermodynamics analysis method to get
the computational complexity of the problem. The
thermodynamics concept entropy is used in this method.
This method reflects the problem’s physics essences. We
needn’t known the details of the algorithm. Energy
analysis is a simple method it only using the probability
of initial state and final state to get the computational
complexity. In this paper we calculate the computational
complexity of one bit operator and sort problem by
energy method. Any algorithm can’t break through the
lower bound limit calculated by energy method because it
can’t break through the energy consumption lower bound
limit. It is a physics limit and the physics theory forbids
the algorithms to break this limit.

Dynamics theory is an important theory. It includes
quantum mechanics, thermodynamics, electrodynamics
etc. If we put algorithm as a dynamics system then
dynamics theory can be used to analyze the algorithm. In
this paper solution distribution, implicit parallelism,
computational complexity and uncertainty principle of
algorithm are researched by algorithm dynamics.
Algorithm dynamics would become a kind of powerful
tool to analyze the algorithm. There is one important
problem requiring further research: that is why the
algorithm selects ground state.
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